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Amgrvgxpliﬁi;lyﬂthrough_the_choice-cffa~speei%ic"income=ietsufé'ﬁtilify

Abstract

In the economic theory of labor supply, a worker's labor supply
behavior is presumed to be determined by an underlying structure of

preferences for leisure and market consumption. In most empirical

studies of labor supply, the functional form of the inherent preference
structure has been chosen by a priori assumption, eithir implicitly

through the choice of a form for the empirical labor éupply fﬁnction

function. 1In this paber we develog'a thed;etical methodology undegv :  .//:
which tﬁe choice of the éeneral funétional.form of tﬁe'income—leisure
preference structure may be regarded as amn empirical  question. :We
review the “common functional forms emR}oyed in empirical_labor_éupply
modéls and characterize the inherent preference strucﬁures in -terms
of patterns of expansion paths in the plane'of léisure and market
consumption. The preference.maps for the more tractable modéls are
seen fo fall within a well-behaved set of alternative srrucghres that

rangeé along a conjjinuum from divergent to convergent patterns of
Anew class of preference structures, having
,":‘ A“ . ’

parallel expansion %@ths, falls within this continuum. A proposed

expansion paths.

K

empirical modei for the estimatibn of the form of the preférence
étrUCture is'éaébﬁéd‘ffom an éstiﬁétionrform devgléped by Coheﬁ;Akea,
and Lerman.(l970). Tﬁis model permits tﬁe éstiﬁation of sampie
analogs of expansion pafhé at different wagé rates. The paétern

of the estimated péth ﬁay then be Eested agginst those implied

by alternative'analytical functions.

[




IMPLICIT AND EXPLICIT PREFERENCE
STRUCTURES IN MODELS OF LABOR SUPPLY

& I. Introduction

The theoretical models for most .recent empirical studies of
labor supply have been cast in the mold of classical demand analysis.
d . r ! .

In these models, an individual worker-consumer is presumed to have

a stable structure of preferences for leisure and market consumption
that may be representéd by a well-behaved utility function of those
two basic goods. Given an opportunity set, defined by a wage rate

“and a level of nenwage income, an individual is expected 'to choose

N .

the combination of leisure and market goods that maximizes his or

* her utility. Optimal choices of iéisuxe‘and market consumption:

-

"over a range of wage rates and nonwage income may then be represented
by a set of demand functions for the two goods. The labor supply
fuhction folloys directly from the demand function for leisure,

‘since labor supply 1is concebtualized as .the 'simple additive comple-
. : .
ment of leisure demand.

In the classical general model of labor supply, the only

assumptions made about the utility function concern general convexity
1 ' ' :

and continuity properties. As 'a consequence, the general theory

L
Pl

provides very little information about the form of the labor supply

functioﬁ., The theoretical imﬁlications are limited‘to.a faﬁiliar
Sep.ofhpegpgictions onjthe partiél'deg;vatives of thetsupplyifunction
evaluatéd at a given'equilibrium point. The fully general model
imﬁlies iittle‘éboﬁt fespgnéeé to ié;gé dhéﬁges in bﬁdéét variables or’

about the interrelationships among labor supply parameters evaluated
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at different equilibrium points. ‘These kinds of information cannot -

)

be obtained without more specific knowledge about the structur% of
preferences for leisure and market goods over a broad range of
those variables.

i o :
Such knowledge is critically necessary for many of the .

practical applications of labor supply models. :Ihe problem of"

. . . Ve o .
.simulating labor-supply responses to proposed income-maintenance

—
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programs is a case in point. A typical negative income tax proposal
would provide income supplements of several thousand dollars combined

with 50 percent cuts in workers' net marginal wage rates. Point

estimates of labor supply pérameters at a worker's preprogram equilir-

brium poiﬁt afe clearly nof sufficient to simulate responses to so
large a change. Accurate ;imulation also requires infofmatioh about
Ebangés in labor supply parameters over the relevant range of
vériables. Most empirical studies of iabbf supply have been based
on a priori assumptions about the brbader structure of the labor
supply function or of the underlying preférence function; There -
has been very little éﬁpir%&al #esting of the réstrictions inherent
in the various‘assumptioné about fﬁnctionai fqrm. As é consequence,

inferences about labor supply responses to major changes in economic
. \

\
incentives may be subject to distortion due to\inappropriate functional
. . \ .

assumptions. : ' \

Two distinct approaches to the structure oé‘income—leisure
preferences™ are evident in recent empirical labor supply literature.
We shall refer to these two approaches as classical general models

’

and explicit utility models. -In-studies -based-on the classical
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[ S
general'model, the question of the broad structure of preferences
has largely been ignored. The primary emphasis has been placed

on estimating derivatives of the, labor supply function and testing

“those estimates for theoretical acceptability at a single equilibrium

point. In explicit utility models, a variety of specific functional

forms has been assumed for the income-leisure utility function.

—ff~;——““m4ﬁ*—“’The parameters ot the derived labor supply model expficitly correspond

¥

to the parameters of the preference structure. Estimates of the

labor supply parametérs thus imply estimates of the full preference

structure, subject to the limitations of the assumed functional form.

Explicit utility models hé;é,differed in the level of genefal—
ity of the assumed utility‘fﬁnction, Clearly, those studies based on
moré génerél utility functions'a:e less likely to’produce distor;ed
estimates of-the preference structure arising from limitations of
the assumed functional form. Iﬂ.general,.however, little attention
has been baid to testing the appropriateness of the assumed functional
form. Studies based oﬂ the.élassical general model have also diffe;ed
in their true generélity. The majority 6f these sfudies~have assumed
explicit_fgnc;idn;i‘fgrms for thé sﬁpply functioq in order to eétimate
tﬁe desired parametéfs.- Assumptions about the supply function.imply

: ~ .

corresponding aséumptigns about the underlying éreference structure
tha;;are,often no less\resqrictive'thén the assumptions of explicit
utility models. Again, little attention has béen paid to testing of

tﬁévaﬁpropriateness of these restrictions.

, . . e 2 - . '
. This paper is part of -a larger project  to obtain estimates of

income-leigure preference structures that™are not limited by arbitrar
elsure p , L v y

assumptions about functional form. A large part of the paper is
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devoted to a review of analytical labor supply‘models; with particular
emphasis on the properties of the underlying preference structures.

A theoretical methodology is developed under which preference struc-

tures are characterized by patterns of expansion paths at different

marginal wage rates. This.methodology facilitates comparisons between

e thie- Strr-U%t—ur'eS~{-ha{-a~Ee-—i:mpl-ic—it'fin~—the Vari'ou‘s""adapta'tions “of the " 7

7 . _ . ,
clagsical general labor Supply model and the structures that are

agssumed in explicit utilit¥ models.
The review of preference structures inherent in common analytical

models provides the theoretical background for interprétation of

parameter estimates from a general empirical model. Our proposed

'model is designed to allow estimation of'sample analogs of expansion .

“

paths subject to only minimal functional restrictions; The estimac.on
form is adapted from a flexible model developed by Cohen, Rea, ahd
Lerman (1970) and elaborated by Rea (1971). The expansion pash

methodology provides the framework for an integrated interpretation

.of the matrix of isolated point estimates from that model and

facilitates general inferences about- the underlying preference
structure.,
The discussion is in two major parts corresponding to the

contrasting approaches to labor supply models noted above. Section

II begins with a brief review of the fully general classical demand

—theory'model,and»then turns to a discussion of specific functional ~ "~

approximations .that have been -employed for the estimation of labor

s

supply parameters. The models reviewed include the linear additive

bmodel,'nonlinear additive models, double logarithmic models, and the
’ . . - s




model suggested by Ashenfelter and Heckman. For Fhe more tractable

forms we derive a full map of the preference structure in terms of
- expansién paths. For others; ﬁe conéider only seiected features

of the implici; preference structure and evaluate their theoretical

plausibility. The section concludes with an exposition of the

Cohen, Rea, and Lerman model and of our proposed interpretation
‘of estimates from that model.

In Section III we review the preference structures implied by a

~variety of explicit utility models. These models include the Stone-

Geary linear 'expenditure model, constant elasticity of substitution
(C:E.S.) models with subsistence parameters,'vériable elasticity
S ) .

/

models, and the quadratic utility model. 1In addition to rqﬁiewing

. / N
the utility models employed'in previous empirical wark, wé-discuss
the properti;s of a new class of preferencé structﬁres characterized
by ﬁarallel,expansionwpaths.

Throﬁghoﬁt thé paper we réstriét_our attention to‘labor supply
models for one-worker families. We also abstragt.full& from any
stoéhastic elemenfs of labor supply and from any empirical problems-
that-may affect estimaﬁes of labor sufply parameters.3 The \
idealizedeorld ofkstable, nbnstoéhastic labor supply functions.
servés best fdr our analysis of the implicit‘and explicit preférEnce

1

_structures of analytical labor supply models.

II1. Classical Gengfal Labor Supply Medels

‘A The FullyrGenera;-Modéluir~w

The fully general model of labor supply based on classical

demand theory embodies very few assumptions about.the structure of

9
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preferences for leisure and market consumption. It is assumed that

.a worker's preferences for the stwo basie goods may be represented
by a utility function as in (1), with leLSQfe denoted by L and
market consumption by M. - | -

@ w s u(L,e .

The utility function (1) is assumed to be incfeasing, twice
differentiable, and'convéx, buﬁ no assumpt%ons aré made about its
‘specific f;;;fional form. ' A worker is presumed to choose the
levels of leisure and market ccnsumﬁtion that maxigize his or. her

utility subject to the budget constraint (2).

w(T-L) + I \

(2) a) M=
or i
_'b) M= wH+I

where

w is the worker's wage rate in real terms,
T is the total time available,

H=(T—L) is the time spent at market wofk, and

I is the real value of nonwage income.

For notational simplicity, the pricé'of ma_rket-gocods[+ Has been

set equal to unity and wage rates and income are gxpressed in real

terms. — , 4 N

~ For any welu-behaved utility function, the quantities of leisure

and market goods that maximize utility subject to .the budget

" constraint will be functions of nonwage income and the wage rate.

(» @ L=LlGD ; .

b) M

M(w,I) .

R




7 .
The demand functions (3a, 3b) are as general as the utility function.
* In the absence of additional assumptlons or empirical estimates,

‘'we have no }pfo;nation about their specific functlonal form. The

e

demand. functions do satisfy the familiar restrictions that follow.
from-the general charaeteristics of the preference function and of
maximizing behavior. It will_be more, convenient to express these
‘restriotions in termsAofdthe labor supply function, since labor

v sopply is our primary interest.'5 |

The labor supply function follows directly from the leisure’

demand equation (3a) by eans of the work-leisure identity.

]

(4) ~a) H = T-L(w\I) ;

]

H(w, fb AN

i

b) H

The total, time available, \T, is taken to be a constadt, so the
i - .

propertleg of the labor su?ply fun tion (4b) are equivalent to
those of the demand function for‘leisure\except for sign changes.

The demand funtion ﬁsr\market goods may then be expressed in
A .
\

termseof the‘labor‘supplylfunction by means of the{budgetvconstraint.

i

!

o) M, T) = v - B (w,I) + I
In the follow1ng dlscu551on we will focus primarlly on the
labor supply functlon However, it is important Fo keep 1n m1nd that
market consumption is an endogenous variable to be determined j01ntly
with labor supply On occasion we will refer to market consd;otlon,
M, as "total family income' or in Ehe adjectival phrase 'income-
leisure." TFor the most part we resdrve the term‘"income," and ~

especially 'income effect," to refer\to nonwage income, I, which

is presumed to be exogenous.

|




© parameters. ' .

inﬁinitesimal.cbange'in»the marginal wage with the average wage

substitution effect follow from equation (6). -

contained in thes Slutsky equation and thé restrictions on its

"
\

—— e

(6) dH = (S '+ H dH)dw + 3H dI »

| ol ol ot |
! t

‘The parameter, S, is the pure substitution effect. It ’ e — ;
repre$ents'the response of an‘individual's work hours to, an
infiditesimal change in the wage rate if w.onwage income is also

! . ’

Ao N

changed so that the level of utility\is held constant. Equivalently,
thé substitution effect is the respaonse of work hours to an

- - /
' i
8
The central features of/the geﬁéfal labor supply model are ' : .
\ .

I\ \ . -
unchanged.7 Y \ |

The central theoretical restriction/on the parameters of the

Slutsky equation is that the substitufion effect must be positive

or 2zero

() 550
Usually the pure‘substitution'effect is not directly observable.
The parameters that can be measured éirectly are the lébor supply
: . _ ‘ ,
resp@nses_to nonwagé income and to éhaﬁges in wage rates for all
hours Bﬁnwork. Each response is measurga with othex variables
héld'con;tant og controllea in a Qpltivarféfé statistiéai model. ) ~

The‘relationsﬁipg of these observable respoAses to the pure

8 gLy M T
= St+H 37 |

\

The restriction on .observable parameters is thus given by equatioﬁ'(9).

5H cH
w B 3T > 0
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Restrictions on the signs of the income effects do not follow

G e

from the strictly general model, but it is generally-assumed that
leisure is_a ndrmal good. ,Under that assumption the income effect
on leisure is positive and the income effect on leisure is negative.

-, . - .
- ’

’, . \ (;0) a) 3L 50
] J "E A. ) - ) ‘ \.J '
. ; . b) ?_E_ < ‘.0 .

»

Ve

, Market consumption is also assumed to be a normal godd.ﬂ Given
/ . . . . ' )
/ » | : ) . ;

[ _our expression cf demand for market goods in terms of the labor

supply function, this assumption translates into another restriction
" on the income effect in the labor supply function.

(11) g) oM _ B 1f> o ; o . X

e

The decomposition-of the observable wage response into income Co )
A N e oo ' w0 : ’
T e . - ’ . fal .
and substitution effects is. particularly amena?lé“to graphical v

~

basis for our stubsequent discussion of the implications of empirical -

R presentation. This graphical presentation alsg serves as a useful - RN

labor.supply'fﬁﬁctionsL AFbr the simple model with only one worker,

the utilityrfunctiqn,andvthe opportunity set can be-mapped on a

plane with market goods and the leisure of the worker as axes. A

< R
N = .

. n ) . - N N .
portion of the utility map is shown in Figure la, along with an

. B b ~T\ + .

. ' initial wage-income epportuniby\set AB and the resulting optimal
;o R .'. ’ . . "‘ \-\\ .
equilibrium labor supply position at~point C.

Figures 1b-1d

-

e e .
. . V.
FRY g
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Figure/j:\\fkaggical Representation of.Income and Substitution

EffecEé;in the Simple Labor Supply dodel

\

-~

‘a., Basic .Equilibrium

\
- i
F~
1 t
| c. Substitution Effect
| (approximate)
T ) M
. :
B
: 3
> ‘;/ :
3 i ;
L a1 \ A
— i ‘
R V/ D \»
1> <H \4
P

b. Income Effect

ot
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tepresedt changes in the optimal labor supply equilibrium in response
to changes in the income and wage-rate variables that define the
opportunity set\"
In Figure lb; nonwage incomé has been increased'by an amount
\
AT, and the new‘oppo:tdnity set is given by line EG; with the new
optimum of labo} supplp and "market consumption_at'point F. Giyen
the assumption that leisure ls a notmal good; the additional nonwage
income'tesults in a decrease in equilibtium work hours, as shown.
The dectease in work hours per unit of nondage.income is referted
to as the income effect on work hours or simply the income effect.

The income effect on market consumption is illustrated by the

fs; veértical -distance between points C and F. That-parameter is

~.Ipositive if market consumption is a normal good but is less than
-unity because a;portion,of the change in nonwage income is

allocated to the purchase of le1sure.

. The dashed line through p01nts’C and F in F;gure Ib is an

_ expansion path, the locus.of equ111br1um values of labor supply

and market'goods that result from changing nonwage income while

holding wage rate constant. The illustrated expansion path is

linear, though this: need not be generally true. Other expansion
| ’ .
i . , o

. paths will be defined for other given values of the wage rate and.

generally may differ in slope and/or curvature. In antiCipation

. + 4

. . of subsequent d1scussions in th1s section, note that a set of

4 ’ expanslon paths for a variety of wage rates embodles much oﬁ the

' L
same information about aipreference map as does a set of 1n-
i . ’ v R -

4

difference curves.

~

--" 2 ’ Y,
4 .

(A
o
I

RIC e T

PAruiitex: providea vy e |8 P . . ) -
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An approximation of the substitution effect is illustrated in
S ' \\
Figure - lc. From an original equilibrium point.C, a worker is
c. ' ,

‘offered an incfeased_marginai wage rate represented by the line CK.

The new equilibrium-poing N illustrates the positive substitutioen’
effect on work hours of a higher marginal wage. Because the figure
shows a finite change in/ the marginal wage, the new equilibrium .

’ 7

is at a higher level of utility. 1In the limit of successive

infinitesimal changes in fhe'marginal waée rate, the neW‘eQUilibrium
will fall arbitratily close to the original indifference'&ﬁrve.

-
/

‘ / . H . ':: . ,;.‘ . l
= T The .combination of effects resulting from a change in wage rate

- . ) 3 :
for all hours.worked is shown in Figure 1d. If work hours were

unchanged, an increase in wage rate would result in anfincrease
. S 3

in total money income equal to HOAw; If this increasescame instead
from nonwage income with wage rate unchanged, it would have. a

negative income effect on workhours, as illustrated by point F on
’ \

the wage line EG. The higher wage rate alsg has a pdsiq;Qe"“‘“
. substitution effect, offsetting the income effect, and the_combinea

result is a new equilibrium point.at Q. As.shown, the overall
‘ effect of an inérease in wage rate is an increase in work hours.'

P
A

A falllng or backward—bending labor supply ‘curve would also be
i

p0551ble, of course, given a relatlvely weaker substltutlon ef fect.

\

Again, the illustration of the.separate effects is only appro imate,
g b v . ¥

@

. because the changes are finite. The'simple decomposition Sf;%he wage .

<

I

P

responoe into income and substitution effects given yn equat}on (8)

holds exactly only for 1nf1n1te51mal changes. ' /

O

o

b
m .

i~

gy

QT
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B. Estimation Approximations, Simulation Approximations, and
Implicit Assumptions About the Functional Form of Utility

_We turn now to a consideration of the propertiés-of underlying
utility functibns that are impl%egfpy a variety of fﬁnctional épproxi—
mations employed in"emﬁirical_sﬁugies of lgbor'supply;. Virfually
any.functional form may have reasonable impliqations i} it is applied
to a sufficiently restricted range of variables. In pracgice,
however,>functionalrapproximétions.for parameter estimation;are
employed over nonnegligible ranges of independent variables.
Eu;théfmore, many of Ehe more imgortant policy inferences to be

drawvn from labor supply estimates, such as the simulation of

responses to a negative income tax, involve extrapolation of-

responses outside the range of data used for estimation. It is

thus central to proper evaluation of empirical studies that
_employ approximate supply functions that we consider the utility

"implications of those approximations over the- full relevant fange

K}

»

~of independent variables.

In the following discussion we shall focus,0n a variety of

" single-worker supply functions and consider two broad aspects of

their utility implications: theoretical acceptability and .

general plausibility. Under the first criterion we will seek

to define the regions in which the substitution effect is

a

nonnegative and in which leisure and market goods have positive

)

‘marginal utilities and normal income-effects. If these ‘conditions

fail within the range of variables releyant to estimation or

. / ¢ ) . - -
simulation, we seriously question the theoretical acceptability
N - ) “ T ¢

= [N
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of the implied utility function is necessarily more subjective
but helps to place useful perspective on the interpretation of
estimated parameters. Such evaluation is also a prerequisite to

14
of the functional approximation. Evaluation of the plausibility ; .
the consistent use of estimated labor supply parameters in the

simulation responses to altered %ncome and earnings opportunities. .
ST . . b2 . ’

simulation requires that‘the”samé implicit assumptions about

~

\?hhctional form of utility Q?*ggﬁloyed for both the estimation

:

/
and the simulation stages. Such consistency is dssured if the P

estimated supply funétion is uséd directly as the simulation
\

equation. That is, if an individual's expected equilibrium labor

& h

' supplf position before a‘poiicy qbaﬁge is given by H(wo,Ib), and | r -

' Consistent use of estimated labor supply parameters for _
|
|
|
|
|
|

if the new policy results in a new net budget conStraint defined

- €a

by w' and L', then the estimated supply funtction. implies a S g

e

procedure‘has been widely ighoredg‘ﬂespite,.or pefhaps because - ‘ .

. ’ ’- : ) 5 “ .
of, its simplicity.lo In the ‘majority of studies based on the . . v

v,

. ' 3. { .
simulateq labor supply position at H(w',I'). However, this ' :
|

general model, including one by the present author (1974),‘the

»

supply function has been used to 5htain'point estimates of the
substitution effect or its elasticity at the population mean. . . ~

That parameter, assumed to be constant, has then been used for

£} " ° B . “
this procedure often leads.to an inconsistency in the system because

the assumed constancy of the substitution,gffect; or its elasticity,

Y

|
|
|
\
|
. |
the simulation of responses. In addition to unnecessafy complexity,ll ; '
|
\
typically lmp%les an nnderly}ﬁgiutillty function different from-that

implied by the estimated supply function.

18

~

«
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The Functional Form of the Substitution Effect

S Any labor supqu model eipressed in ekplicit_ahalytical form

lends itself to a simple derivation of the functional form of the

\

: . y A , .
implied substitution effect. Given that the functional form of

e

iabor supply (1l2a) is 'known, the functional forms of the observable

(12) a) H=HG6, D) ;

b) 3 _ MM(w,I) ;- | N
ow ow : ]

© M _MED . | \
' 9T oI - ' oo

The substitution effect depends on the observable Wage and
. . ) - -~ ,

income reéponses and on the "point of compensation.'" .The latter '
L . value is simply tﬁe-equilibrium level of labor supply as given by
: . . I’ .-lu . . . ‘
the supply funcﬁﬁon itself. .The functional form of the substitution,

{ . - .
effect thus follows from the substitution of the functions.(l2a)-
tre L N . \

i
;

(12c) into equation (9). . , B .. : . o

(13) S(w,I) = aH{w,I) _ 9H(w,I) , H{w,I) . -
. ow oL “ :
Lo . ’ :
Our treatment of the point of compensation and the substitution

’ effects as functions rather than point values contrasts with most

o

previous applications of the geﬁeral labbr supﬁly model. The
- ’ . < .

functional treatment is, necessary to establish the broader properties

-~

of the preference structures implied by various assumed estimation

>

4

- forms.
AN
AN

9




The substitution effect from (13) is given in equation (15).

—-—describe-the- combinatlons ef exogenous- var1ablesrthat,yleld.lahor S

The implications for 'the undefiying preference structure become

‘substitute into equation (14) from (16) and solve in 7).
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Linear Additive Labor Supply Models L

The linear additive supply function is the simplest explicit

form, and it has been widely employed in empirical studies.l2

For this model the supply function is given by (14).

(14)  H(w,I) = H, + Aw + BI .

A~ B H(w,I)

(15) S(w,I)

A - BHO - Baw - B°I .

To establish the limits on the range of wage‘rates and income

" for which the substitution effect has the'acceptable sign; we simply

set S(w 1) .equal to zero in (15) and solve for the comblnatlons of -

values,w* I* that deflne the limits. , ; ' :
3 a. v

lé (A - BH_ - BAw*)';
B °- 3

(16) a) I*

or

1

n

b) Wk
/ "

" The equations (]6a) and (16b) are simple- reciprocals. They

o

£
eh R

sgpply equilibria at‘points;where the substitution effect. is zero.

somewhat clearer when we solve for ‘the laerISupply'an market .

_consumption points at which this occurs. . For labor s pply, we

SR N
—_— - - ES . . . e
5 (A - BH_-TBTIR) L _ ‘
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(17) - H*(w*, T*) = H_ + Aw* + BI*

N

H + Aw* + A Ho - Aw*
o] B - :

"/

| >

For the critical values of market consumption, we note thaﬁ the

equilibriﬁm value.of‘market gdods may be taken from“eQuation'(S).

/

(18)  M(w*, I*) = wk * H(u¥, %) + I# .

Fué}ﬁér substitution frpm'(l7) and (16) then yields the solution.

(19) Mk (w*, I*) = w* f‘g- +I*
= w* ~+ é__ E—g- w* .é.
B2 B B

@i W=

Both H* and M* -are constahts;'"Thatjis,jall pairs of values
7 : ' : L ¢
of w* and I* that imply a zero substitution effect also imply labor

§upply and market consumption equilibria at a single point. As

s . (S _ [ ——

‘f”"will*Bé7éiéﬁaféfédmEéibajﬂfﬁiglimplies’that the expansion paths

. through all “initial eqpilibrium points converge at the given -
point (H*,M*). For want of a better term, w€ might say that the
. \g IS B .- B s

c

linear additive supply function implies a concentric homothetic

' :

,utility function. ' A1l indifference curves are identical exéept
for a scale factor that becomes. successively smaller the closer
. . ) ~ . W

the curves ate to the bliss point H#*,M*, We use the term "bliss

—

point'" because the indifference curves assume reverse curvature '

“

in the region above and to the‘;ight of H* M*, imﬁlying tpatAthat

point represents the maximum attainable level of utility.

)5 . '
ad ‘

st
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Assuming that B, the inéoméiéfﬁeét.for work hours, has the
acceptable negative éign as required if leisure is a normal good,
H* will be opposite-in sign from the wage coefficient A. Thus
for rising curves (A positive) the impliéd substitutién’effect
takés on unacceptable values only in the irreieﬁaﬁt reéion of

negative work hours. For negatively sloping supply curves, however,

h* is positive, and“it becomes important to determine whether the , -

substitution effect goes to zero within the relévant range of
other variables. ‘If fhe point of cbnvergencé isrwéll removed

from the range of variables over which the linear épp;ggimation “

to the suﬁply function isVemployéd, tﬁe'impiiea gradual decline
~in the"substitﬁtion effect at highef utility levels may not be i
a serious problem. If the convergégge'point is close to or within
the importént'rangevéf variables, howgver, we must seriously
question the uéefulness of the apgrégimézion‘:_

The convergence properties of the preference maé for a

linear gdditiye sﬁpply function aré-egsily illustrated in the
expansion path,diagramvshown in Fiéure éi ‘The diffagram aiso

illustgatés the boundaries of the region beyond Whigh either

leisure or market consumption fails to be a normal good.
- . . j:

An expansion path is the locus of equilibrium values of work
hours and market consumptioﬁcas the budget level is changed while

holding the marginal rate of substitution comnstant. The points on

;

such a locus may be-obtained'by eﬁaluating'the labor'supply functigh

. . -

and the market demand’function at a fixed wage rate and different
levels of nonwage income. The slope of an expansion path is

determined by the ratio of the income effects for work hours and

for market ,goods."

/

“
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Figure 2. Expansion Paths.for a Linear Additive Labor , -
" Supply Function

g (H = Ho + Aw + BI ; A,B < 0)
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(20) a) am _ M/t - ot

oM oM oH ’ " /[ | o
/31 war vl : T |
p 9H ‘
by am_ Myer _ ¥ R 1
- My Har

In the linear additive supply‘mbdel, the income effect on work

hours is given by the constant, B. The expressions in (20) thus

simplify to those in (21).

(21) a) 2JH B .
- oM~ Buwfl ’

b)- M _ Bu+l . -
o0 B

.The two alFernative expressions in (20a).and (20b) and in (21a)
and (21b) are simply recipfocals. They are usefullbecause one’of the
two may be'undefined; Such a-case occurs in Ehe present model at a
sufficiently high wage level w ='—l/§;k At that wage rate, am

-increase in nonwage income is spent entirely on- leisure 'and the

income effect.on market conSUmption is zero. The expression in

.-

(21a) 1s undeflned whlle that in (21b) is zeto. The expansion path

for this wage rate is represented/éythe hgxlznntal_llnewto~£ﬁe—left

of p&int P in Figure 2. This pa h marks the boundary-of the region

in which market consumption is normal good and thus places a

-

;llm]t on thé range of wage ra'es for Whlch the 11near add1t1ve‘

model is.an acceptable approximation’,

X,

. The fact that the ex ansion—path slope, 353 varies with wage
- Fane: M

” Y : R

i . } ) . )
rate in this model while the income effect, B, is-a constant,

LY

.
/
.

4

- . . - o e
- . : -
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underscores.a distinction that'has not always been clear in the
labor supply literature. A\confusion of the two parameters appears
to be the source of the 1ncons1stency in the Ashenfelter—Heckman
model discussed below. Cain and Watts (1975) also appear to refer
to the two parameters.interchangeably.13

The loWer boundary of the region for which the linear additive
model PS an acceptable approx1mat10n is glven by the zero—wage

expansion path. This path extends from»H0 to the.convergence

point P in Figure 2. Values of work hours to the right of this

.locus are achieved only at negative wage rates, with the implication

that the marginal utility of leisure is negative in that\region.
. \. A

It is of interest to corsider the.boundary values,implied by . o

actual estlmates of labor supply parameters in. this model. Linear, 3

- N AY
ki .‘ .

'add1t1ve labor supply functiohs- estlmated id three representatlve

¥

studies are presented in Table 1. We have chosen.only examples
in which the point estimate of the substitution éffect at the mean |

values of work hours, wages, ‘and income has the acceptable sign. At
i

this juncture.we'are concerned only with internal consistency of

e e

-

.

"

The critical values of w0rk hours and total family income
(H* and M*) at wh1ch the 1mp11ed substltutlon ‘effect goes to zero

are shown in the first two columns of Table 2. The other entries o

in the table help to place these eritical values'in perspective.
- . . L~

The third column w*(O), gives the wage rate at which this equ111br1um

is reached if there is no nonwage income. The fourth’column, - ‘ g
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\ ‘Table 1. Representative Examples of Estimated Llnear
' Addltlve Labor Supply Function

, c
" Greenberg-Kosters

Working male family heads ' ) o
1. Simple linear model H = 2400 ~108.2w -.06751L

e '*Model_wlth klnged wage curve

2." Wage rate under $2h00/hr. N | = 2340%777 T Taw T 066 L
~_3. Wage rate over $2.00/hr. - H =2400% - -103w . 0661

e

Hill , .

4. Poor white males ' H = 2300% ~204w ~. 401
5. Poor black males Ho=2200% - -154w -, 321
6. Nonpodr white malesb H =_“2‘700a ';1]2w ‘ - 2151

‘ . e . . - c

Dickinson o

WOrkiﬁglmaie family heads S : {“¥ﬂ; ’

7. 5-year ayerage_work hours H = 2560 . .7~ 53w -. 0611
.WOrking-wivéé . ‘o

‘8. S-year average work hours - H = 800 +400w  s.-. 03I

' linearized step function

s

%The 1ntercept ‘term is approximate because numerous control vari-
ables whose means were unreported. were included_EE“EEg’g§t1mggumm,,_ -----
ggggg;on~_ﬁwe_haue_regarded~the—nmdei a5 @ simple two-predictor model

‘ and have chosen- the intercept to yield 2000 hours at the mean wage rate
and zero income. The choice is~not critieal to ouy interpretation of
resultsy -since the.degree 6f approximation'is small in proportlon to
" total annual work hours. )

A

b g ' : ’
This model has been 51mp11f1ed to ellmlnate a weak wagerlncome
1nteract10n, as discussed in the text. L

CGfee,nberg and Kosters (1970),;hlsé in Cain and Watts (1973) ¢
d | i
Hill (1973).

®Dbickinson (1974) .
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Table 2. Variable Values Implying;Zero'Substitutibn
Effects in Representative Labor Supply Functions
: \\ - H* - M wk(0)  I%($2/hr) R
Grgenberg7Kostersa;‘ \\\\ _ . ) ' a a . , L
1. Simple linear model © 1600 §11,852 § 7.41 ' 8,652 )
e ” z )
o 77772, Finked wage effect under $2 1121 - $18,466 -$16.47 $16,224% i
’ : L . . 7 .
3. Kinked wage effect over §$2 1560 $12,718 $ 8.15 $ 9,598
111P | '
4.. Poor white males 510 % 4,475 +$ 8.75 § 3,455

5. Poor black males . 475 . $ 5,400 $11.35 § 4,450
6. Nonpoor white males 800 §8,838 $11.04 - $ 7,238
DickinsonC . / Lo

B | Males, 5-year average / 868 §$27,724  $3,194 _ $25,988

- _ ! : N b S
Wives,. 5~year average ~13,333 471,110 - - .
8Greenberg and Kosters (1970) . A
by, -
“ Hill (1973).
Iy e
' Dickinson -(1974) ..

'
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Ik($2/hr;), gives the level of nonwage income that will againg _ N
yield the critical equilibrium at a wage of $2.00 per hour.

The sinple linearAGréenberngosters supply function was esti- .

mated for working married men with family incomes under $15,000 per
year. The critical value of market income, 311,852, thus. falls well

within the range to which the approximate supply function is-intended

N >
N =3

) to apply. In the Greenberg-Kostars model estimated with a kinked

That slope, together with the-single estimate of the income slope,

implies a convergence point éiightly outsidg_the sample range. The

segment above $2/h£ﬁtis similar to the simple linear model and implies

™

o - wage slope, the segment below $2/hr. has a weaker negative slope.
a similar convergence point.
' : ! ° . s
The supply functions estimg;ed by Hill for poor males, black
and white, have much stronger income effects and more steeply
backward-bending wage slopes. The values of total family income

at which the implied expansion'paths converge aré low, but, given

i? ‘ wﬂ ‘the sample restriction to. families below the povert;_line in 1967,
tﬁéy are_out§ide-the sample raﬁgé for all but large families. The

. model estimated by Hill for nonpoor whites includes interaction
terms between wage rates aﬁd income, b%p these coeffiﬁients'are
small relative to the wage and income effects. The effect oflﬁhe
interaction is evaluated at the mean wage rate and is incorporat;d
into the _income coeffipient shown in Iéble 1, but othefwise is

—

~ignored. Thus simplified, the supply function implies indiffereénce

¥

curves that are concentric about a market consumption point under

$9,000, which cannot be considered reasonable for nonpoor white males
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in 1967. Taking full account of the small estimated‘interaction
. ~ . <

effect would raise the value élightly}énd eliminate the single point

of convergenca but would not materially change the implications.
, i 1

The linear supply function estimated by this author for average
work hours for male family heads who were in the labor force
o . R

continuously from 1967-1971 has an income effect comparable to that

in the Greenberg-Kosters study and a more weakly negatiVe wage

slope. . The implied convergence point is thus at a level of totadl
income above $25,000. There is 'no income cut-off in the sample

N

selection, however, so this pqint'falls-within the top one or two

percentiles of the distribution, and the implied variation in the

b
o .

substitution effect over the sample range is quite large.

The rising supply function estimated for wives in the same
B ) 3

study is included for contrast. The implied indifference curves
are also ‘concentric, but the point of convergence is so far

outside the sample range that the within-range variation in the

-4

shape of the,utility contours is sligﬁt.
The expansion path boundary at which market consumption.becomes

inferior may be quite restrictive in models with strong estimated

£

income effecﬁs. Hill's estimates for poor white malés,‘for instance,
imply an uppef bound of w = $2.50 on this criterion. 1In the
Greenberg-Kosters model,'however, this upﬁér bound is roughly

$15.00. This value is.less restrictive than the convergence .

b4

wage, w*(o). )

Negative wage rates are not in thie relevant range, either for

-

egtimation or simulation, so the lower boundary does not imply un-

acceptability from a striétly theoretical point of ¥iew. However, the

» ~




~

» 26
‘fact that the zero-wage equilibria implied by many estimates occur
at’ levels of work hours cloge to standard fullftime rours is subjéct

‘ to scrious quesgion on grounds of general implausibil%#y. At zero
wage andﬂ$6000 income,;for instance, the Dickinsgﬁ estimates imply =7

s worked per year and the CGreemnberg-Kosters estimates

2194 hour

P

imply 1950 hourd worked per vear.
By B¢ )

tirst 40 or so hours per week spent at work are more intrinsically

While it is possible -that the
o

rewarding than any alternative leisure activities, it is generally
<

in-forgone earnings.

sresumed-that a substuntially greater proportion of time would

e
.
. ~,

be spent in leisure if there were no cost
Additive Curvilincar Supply Funcbionas
Giellive (urviliueal oHppLy rihelrobas

~
e houndaries of the accepteoble regions implied bLe «imple
v be derived by straight-

¥ "

.
/

curvilinear additvive szupply functions” va
N - . ’ > .
furward extensions of the above results. We present the solutiou

tor o tunction with a quadratic wage =fiect as an illuftration.
«

o

. ‘ 2
() e, 1) =k A AT BT L

(23)  SGw,1) = Ay + 2Aw - Bil(w, D)’ .

- < \

, : ) .=
= N 2Apw = BUL AW E AT R B0

Ny
to zero and solving for the critical

setting 53(w,[) equal

points (w*, 1%), we obtain

: 1 % _ , ,
(24 = o[- BALW + (24,-BA ) wx 4+ A, - BH .
) - “ L 1 1 8]

B .

The quudragig supply tunction no lenger implies a sdngle con-
. . A

vergence point in the leisurce-poods plane but rather a locus of
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such points. The locus will be in the région of.ﬁegativé work hours
o .
for rising portions of the quadratic wage function and in the region
of positive work héurs for declining portions.

Estimatea parameters for two e#amples of this type of quadratic
supp;y function are presented in Table 3a. Two-points on the
convergenceé locus are presented for illus;ration; that obtained if
the'waée is inéreased and income is held constant at zero, and that
obtaingﬂ if the wage rate is held constant at $2.0Q1;er.hour and
income is increased.- In both cases shown, the increasing backward
bend-of the supply funptibn imﬁlies that the substitution effecté
go to zero weil within the sample range. These modelé imply linear
expaﬁsioﬁ paths as a cbnsequence of thé linear income effect. The
upper bbundary at, which market goods become infério: occurs at
w = $6.67 in Rosen and Welch's model and at half that”Qalue in
Hill's estimgtesf The zero-wage expansion paths imply somewhat
lower zero-wage Qorkvhours than those ip the simple linear models,
but'those values are skill more than half of standard full-time
work hours.ovér much of the range‘of income.

Thé Kalachek and Raines estimates presented‘in Table 3b pro-
vide 'an example of a fising suﬁply CurQe for which the substitution
effect does not go to zero within the.}elevant range. The compara-
tivély weak estimated income éffect implies infef%orit& for market
goods only at wage rates iﬁ excess of $20.00 per~hour. The incdme
effect is quadfapic_and betomes weaker at higher levels of ronwage

>

income, so it implies inferiority for leisure at incomes above $2500.

The zero-wage locus is also troublesome, in that it implies zero-wage

equilibria always above 35 hours per week.
2}1 : .

&

Lo
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« ) .
Table 3. Selected Empirical Quadratic Labor Supply
Functions with Examples of Critical Points

a, Quadratic wage effects .

Rosen and Welch: urban maleéb

H = 2060% + 255w - 79w° -~ 15 1 : '

Convergence points I* w* . H* M* _ |
i " (zero substitution effect) 0 $3.49 1976 $6,938 )
‘ . $13,900  $200 169 $14,489
Zero-wage locus’ H % 2060 - .15 I . . )
Inferiority of market goods w > $6.67

Hill: poor black males”

H = 1740% + 495w - 217w” - .31 1

Convergenée points .- I* w* H* M
(zero substitution effect) = 0 $2.36 1707 © §4,030
- © $6,970 $2.00-  -~289 . §6,392
Zero-wage locus : H=1740 - .31 1
Infefiority'of market goods w > §3.23 -

" b. Quadratic income effect : y " o

Kalachek and Raines: lower-income-males aged 24~61d' I

3

I +1.77 x 107'1° -

I+1.77 x 107712

_Hours per week = 37.1% + 3..2w - .89 x 10~

Zero-wage locus  H/wk = 37.1 - .89 x lOf‘3

Minimum hrs/wk = 36 hrs/wk at I = 2500 o

-

thtercept approximated as in Table 1., ’ : .
bRosen and Welch (1971).

c,.., o

Hill (1973).

dKalachek and Raines (1970).

eIntercépt chosen to yield H=44.2 at w=$2.40 and I=$458, the
mean values. : .

} . ) 4
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Estimation-Simulation Inconsistencies

The impiausibly high iero—wage equilibrium work haurs implied
by many, estimated sdpply functions.may be one of the reasons

researchers have introduced a second set of assumptions for simulation
of labor supply responses. The most common assumptions for the
i 2 .

simulation stagerare tnst the'substitutinn effect is a constantJ'4
‘or that the elasticity of the substitution ‘effect is con/st:ant:.‘ls

These assumptions differ, sometimes draméticaily, from'the féfﬁ of
) the substitution effect inplicit in the estimating function_ - The

sharpest inconsistency occurs in the conversion from a simple linear

estimating form to a constant-elasticity simulation form. 1In the

L

-

simnle linear form, the~implied’subs£itupion effect is a linearly
increasing function of’ths‘leVei of work honfs{_as may be seen .
from the first %xpression of (15).16 A constant substitution
elasticity less than nnity implies nrecisely_ﬁhe opposite
Vsriation.17 The assumption of a constant substitution effect is
intermediate between the two; Tne negativs quadratic_fhncsions
estimated by Rosen and Welch and by Hiil yield variation in.the
substitution effect that is consistent in dixectignvwithwthew
constant—elasticity assumption, but substantially-weaker in magnitude

3

at low marginal wage rates. .t

Logarithmic Estimation Form and the Substitution Elasticity

When considered in the light of predicted responses to very low

-

marginal wage rates, a suEstitution effect having a constant elasticity..

, , . ,
seems much more plausible than tge constant substitution effect or

[
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tﬁat implied by a linear supply modél. Small changes in.the wage
rate a;‘it approachéd zero wouldfbe increasingly lagge 1n‘proportional
' terms and wgg;d’imply;lafée redgctioné in eqpilibrium work hours. P

With this desirable feagz}q'in'mind, it is. tempting to estimate a

labor supply model in»double;log form. -

_— 3 (25) : log H = K + aiog w + é idé I.
This functiénal form has the familiar property that responses
of work hours to changes in wage rates or incbme are constant ih;
glascicity, with the e}a§ticiti€s given.by the dstimaged valdes,af <

'‘a and B, respéctively.

(26) &) M w_
g e S HC % /
.91 " H 3 '
./’/‘/, i ‘
Unfortunately, this functional form, which provides so simply

for constagt elasticities with respect to observable changes, does

not produce a substitution effect that is contant in elasticity. '

ro. . ,
On the contrary, when the wage effect is negative the substitution

effect goes to zero faster with decreasing work hours in the log-
log case than it.does in the simple linear model. The expression

for the substitution effect follows from (13) and (26a) and (26Db) .

3H 3H
@n  s=4r - Ry
-l -mgl> 0.

2

The elasticity of the substitution effec't,l8 which we denote :

Ng> is given by a slightly simpler expression.

(D0 IS
[® o




T

=S

(a - B‘VL};‘) z 0

N =3 wo_
(28) n_ = a

w
s Bwlu "H

- v The variation in the elasticity of the substitution effect is

most easily seen from the last expresslon of (28) The second term,

-,

wH
- —B-f—, is positive, since 8 is negative, but declines rapldly in
the face of a compensated reduction in wage rates. Under such a
LS - .
| . 4
©  reduction, w and H decrease and I increases, changes that all

contribute to the decrease in the positive term. A theoretically
acceptable positive substitution effect is maintained only so long

‘as the ratio of earnings (wH) to nonwage income exceeds the ratio
. rs N

w3y

of the wage elasticity to the income elasticity.

(29) -z "‘<Tf> Ng >0 , _ o o

n

This condltlon is always met if the wage elast1c1ty is positive,

since B is negative making the ratio a/B negative. For the backward?

| | bending supply surve typically estimated for male heads of famllles,

however, the critical values are restrlctlng. The most favorable
estimates of Kosters (1966), using a double logarithmic form, yield

.values of a = —.062 and 8 = -.023. " Given these ‘estimates, nonwage

incomes of greater than 37 percent of earnings imply a negative
¥ v

- " substitution effect.

- The-Ashenfelter—Heckman'Model

Ashenfelter and Heckman (1973) suggest a model intended to main-

~

) - tain consistency between the functional forms employed in estimation

and simulation. Jnfortunately, their two basic assumptions, 4
' ) / . .

constant substitution effect aéd a constant-income effect, are

ERIC | |

Aruitoxt provided by Eic:
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‘themselves muthaiiy.inconsistent.' The inconsiétéhéy is easily
demonstrated if we assume only é constant iﬁggme effect, B, and
obtain an.expfession for the-substitutién effect at different income
ievels; At initial wagé and income levels‘(wo, Iq); the substitution

effect is given by (30).

-

30y  s¢ ) 0,70 gy |
); W, 1) = e - B Hw_, I) .

I8

C = ‘/

. If income is changed from the initial level by an amount AI,

LY

o

the wage and income derivatives on the right—jﬁhdvside of (30). are

unchaﬁged,l9 but equilibrium work hours.changg by an amount BAI. The

substitution effect at the new income level is thus given by (31).

1 v ) - _
_3u(Mo, "o + AD)/ . .
(31)  s(u,, I+ AI‘)~ = s~ B H(wo, I, + o)
1 ) A I
Y .BH(wo 0) 4
= - -— .
o —= - pH@, 1)) - BAR(AI)

- ' 2 )
S(WO, IO) _—// B AT

0

/

JA cohstant.ihcome effect and a cbnstaﬁt substitution effect are ﬁﬁus
consistent only in the degenerate case of B = 0. ;
Thé inconsistent theoretical assumptions of Ashenfeléer and

Heckman's model are not incorporated into thei;.actual empirical

work. The estim&tion model-théy employ results in constancy, not of
- . / B A ,

the income.éffeCt, but of the slope of the expansion path, 3H/9M.

When the lgtter derivat}ve is.takeﬁ.to be a constant parameter,

which we dencte D, the form of the income effect is given by

inversion of (20a).
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i

The Ashenfelter—Heckﬁan estimates of D are of the order of

(32)

~.066, which implies income effects of -.06 at w = $1.50/hr. and

.044 at w = $7.50/hr. The Ashenfelter-Heckman method also results

-~

in a substitution effect that is a decreasing function of the
> ' marginal wage rate,-rather than a constant as assumed in the
theoretical model. Both properties are treated more fully in the

general discussion of parallel. utility functions in section I1T.

N C. A General Empirical Model o "_ ’

.. We turn finaliy to the flexible functional form employed by
Coheﬁ; Rea, and Lerman (1970) and Rea (1971).. They’estimate labor ' o
‘'supply response as a step ﬁunction_with multiple interactions
between wage rates and levels of nonwage income. 'Howeve;, some -
bf the generality gained by their estimating lrocéauresvis assumed
away when they. turn to theistandard assumptions aboutlthe substitu-
tisn effect for the simulation of labor supply responses to policy
changes. Rea focuses more closely on -the siﬁu%ation question, and
he does maintain approximate consiétency between the two stages.

In p;rticular, he reviveé formulae derived by Hicks ( 1946) to adapt
the infinitesimal relationship of e;uatioﬁ (13) to finite changes

in income and wage rates. Rea estimates different values of

the substitution effect for each of several intervals of wage rate

and income but assumes .that the substitution effect is constant

v _ o 1
Q : ‘ 3T
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dnterpret each difference between adjacent steps of wage rates and

; ' :
34
within each interval. The assumed stepwise constancy of the .
substitution effect results in loss of generality.begause Rea's

. ) , [ .
estimates suggest that- the substitution_effect is changing rapidly .

EN

within some of the intervals.

Rea's ta%ﬂiétidﬁ 6f-his estimation results makes the illus=

-

tration of this point'particdlarly convenient. Again, we emphasize

that this discussion abstracts from any problems of estimation and

+

igs concerned only with the im&lications of estimates. His Table V-3

provides estimates -of equilibrium annual work hours- for husbands aged

%

25—62:whoée wives are not working. The estimated work hours for - 7

individuals with a standard set of characteristics are given as a

3

step function of wage rates and income with a fpll set of interactions.

Tbe wage'funcfiop has fodr sﬁepi‘for the ranges 0 - $0.99/ﬁ?., $1,00 -~
$2.49/hr.,1$2.50 - $4;99/hrf, aﬁd $5.00/hr. and above. Within each
wage interval, a.step function for thé income gffect is estimated over
the followihg‘f;uf fanges of nonwage income: 0 - $499, 5500 - S ‘ ot
e
$1499, $1500 - $2999, and $3000 and above. Rea's procedure is fo

income as a segment of a linear supply curve and to calculate a
single constant substitution effect, which is presumed to be
L .. £

applicable to that range. : _

An alternative approach, which, in the opinion of this autﬁbr,

better expolits the generality of the estimating form, entails the
generation of an approximate map of the utility surface. As shown

in Figure 3, the points repreéenting joinﬁ equiiibrium values of

work hours and market consumption may be plotted for the several

income’ steps ﬁithin‘a given wage range and interpreted as an ;
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Vwithin the range of sample values, and if we approximate the paths

. approximate expansion paths are shown in enlarged scale in Figure:

35

: : : : ' . >
approximate expansion path,for that wage range."This has been-done

~

in Figure 3 for all but the highest wage range, in which the

5«

estimated income effect has the wrong sign. ,The mean value of the
lowest wage range has also been set at $. 75/hr. rather than at Rea's

$. 49/hr., on the grounds that very few prime-age males have wage
(¥
rates toward the bottom of that range. If we impose the condition

&

that expansion paths for different wagé rates may not intersect .

s

by straight lines, Rea's-estimated values prove to be remarkably.
. . e
consistent with a homothetic utility function with an origin at

$2000 of total income and T-2875 hours of leisure per year. The l

4, along with indifference curves approximated by wage-line segments.

. ) : \ - > .
The elasticity of the substitution effect‘clearly increases drama-. -

.

tically as one moves down and to the right along an indifference curve.
rd

The change in hours resulting from compensated wage Phanges from

7

$3.7Q to $1.75 per hour is scarcely more than one—tenth_the-size

of the change.in hours wlien the marginal wage drops from $l.75'to -
_$.75 per hour. It is'reasonable4to suppose that this radical

increase in the substitution eftect is distribut;d with some

uniformity over this interval. Rea,'however, estimates a substitution
effect on the hasis of the stronger income effect at‘the low-wage

éend of each interval and uses that estimate to simulate‘all lahPr
supply responses in that interval. For workers near the upper end

14

ot the lowest wage interval, this results in a several-fold overestimate

-
” -

of the substitution effect at the equilibrium point. The cumulative

response to a substantial compensated wage change will also be

overestimated, but not so seriously.

35)' , I 4 - C
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Figure 3. Approximate Expansion Paths Based on Rea's
‘ Estimates ’
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) 4
The approximate'utility map that follows directly from the

ﬁattern of estiﬁated;expansion péths is one ;f the ‘primary adVantages e
of this interpretagioﬁ of estimated parameters from the general
interactivevfuncgional form. Under reasonable continuity assumptions,
the numerous point estimates of partiallderivapiveé fall into pléce
as integrated properties of a continupus function definéd oVer a
substantial rahge of variables. Furthermore, the basic properties

of both the supply function and the implicit utility function are

directly evident by inspection.

37

The general pattern of expansion paths estimated under the
Cohen, Rea, and Lerman model may be used for tests of the appropriate-
\ ness of alternative analytical labor supply models. The preceding

exposition of the properties of implicit preference structures

provides part of the theoretical background for those tests. 1o

[

complete fhe_picture; we now turn to a consideration of the

preference structures for a vériety of explicit-utility models of

.

" labor supply.' . o

III. "Labor Supply Models Based on Explicit Utility Functions

A. Introduction

Growing numbers of labor supply studies have been based on

models derived from explicit assumptions about the form of the

L

utility function for leisure and market consumption. This approach

has both strengths and weaknesses as compared with the more common

- : ;
approach based on general demand theory discussed in the previous

Q | . 2
ERIC - 42
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section. On the positive side, functional consistency between
/V estimation and -simulation is easily and naturally maintained.
Furthermore, if the estimated parameters are ;héoretically acceptable

anywhere within the relevant range of Gariables, the implied

-

preference structure is usually acceptable and consistent over a
: ‘ large range. However, the virtues of fqncﬁiqnal consistency.and
regularity are often gained at the ékpense of questionably arbitrarY'
~restrictions, which are implicit in the assumed funfional form of
utility. In some Q?ses these restrictions imply iﬁplauqible labor
supply behavior, which becomes Still more extreme if the estimated
functions are extrapolated beyond the range of data in the estimation
sample.

In this sectien we review several of .the common utility

functions that have been employedvin labor supply stﬁdies. Our
approach\will have two general’éspects. For general perspecéive we
will consider the plausibility of behavipr,implied bv.each function,
particularly in the range of budget variables relevaﬁt to negative-
~income-tax simulations. For spécific relevance to our proposed tests
of élternativé preference structures we will characterize each
utility function in terms of its implied pattern of expahsioﬁ paths.
These results will provide a framework for interpretation of the
patterns of expansion paths generated by our subsequent estimates
using the geﬁeral interactive labor supply model.
| Thi discussion is limited to single—worker utilit& functioﬁé.

ve also restrict attention to those functions having linear expansion

:
B

paths in the plane of leisure and market-consumption. This restriction

ERIC
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has the substantial benefit qf simplicity, particularly when the
model is'complicated by mﬁrg%nal tax rates and overtime premiums.

It is also made in the belie% tﬁat there is nét sufficjent variance

in available nonwage-income data to allow estimates Of income curvature

in addition to wage-income intergctions. The resftriction  has the
effect of excluding only one, common class of qﬁility functions that -

- : has received recent attentipn in the labor supply literature--—
) | . /r 22 i |
. namely, the "trans log" yﬁility function.’ The simpler'functionsi
. / S . B

/ f

“ more - commonly applied ih labor sdpply‘studies'all have the linear-
. [, . V . . . . R ;

ity property. Thesefinclude the Cobb-Douglas, the Stone-Geary, aqd

the C.E.S. functions as well as the quadratic utility function and

those in 'a general class that we shall refer to as parallel utility

functions.

.

In considering the laboq.supplf behavior implied by the various
utility fdnctions, we will describe the budget constraint by a

simple ﬁage rate, constant for all work hours, and a level of nonwage

~
1,

income (M = wH + I). For problems with complex budget constraints
in which net wage rates and income are affected by progressive marginal

tax rates, overtime premiums, and the like, the complex net budget

- ‘

contraints will be replacéaIby transformed simple bﬁdget constraints
that are equivalent in thefﬁeighborhpod of equilibrium positions.

+ Our procedure of déscribing labor supply behavior .as a function .

Y

of equivalent simple budget parameters differs from that used in ’
{ s

several studies that assume specific utility functions. The
alternative procedure involves including tax parameters in the
budget specification so that they also appear as arguments in the

‘

.solution functions for optimal labor supply.23 While the latter’

Aruitoxt provided by Eic:

"ERIC - - '4.
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procedure is convenient for specific questions about parg}cular tax

r ‘and incentive structures, it is cumbersome for purposes of general

inference about preference structures.

B. Specific Utility Functions

Linear Expenditure System Utility Function : » ) .

In consumer demand studies based on spécific utility functions,
one of the more familiar models is the Stone~Geary modification of
the Cobb-Douglas function. For a single-worker family'with utility”
dependent on market goods and the worker's. leisure, the utility ‘

function has the form of equation (33).

(33) U= R@L-N * @-0® .
The parameters XA and u are interpreted as minimum subsistence levels
of leisure and market gooas, respectively. The single-worker form
P : :

of equation (33) has b% n used in a study by this author (1970).

Leuthold (1968) employgd n expanded version for two-person families,

M

\ hpl » 3 3 » :
and Christensen (1971) introduced intertemporal optimization for

siﬁgléFwdrker families. Horner (1973).used a Cobb-Douglas function e
withoﬁt subgistence parameters in an analysis,of labor suppiy responses. )/
I in the New Jersey Iﬁcome—Mainténance Experiment. In the present
discussion we will focus on the form of equation (33).
For models with a givén functiqnél fdrm for utility, the deri-
vation of the. labor suﬁply functiop is very straighgforward. We
- simply substitute the budget identity, (M = wH+I), and the identity
Telating leisuré and work hours, (L = T-H), into the utility fhnction,

3

dif ferentiate with respect te H, and solve for the optimal value as a

function of w and I. In the present case, our notation is simplified by

ERIC =~ , | 45
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(35) a) T (log k + a log(t-H) + B log(wH+I-u) =
—0 va )
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24 Bt o (T -w) _ _ I -w -
\ ' c) H= o+ at+B W L
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defining a new parameter, T = T-A, the total time available in excess
of subsistence leisure requirements.

After the substitutions the utility function takes the form of

equation (34).

(34) k(T—H) (wH + I.—u)B
Differentiatlng a logarithmlﬂ form and solving for optimal work

Hours yields the supply function in the alterna.ive forms (35&) and

The forms (35c) and (35d) are equivalent except that the latter
is expressed in terms of earnings (wH) rather than work hours. . For

: / L3 ' » » {
equation (35d), earnings are seen to be a linear function of both wages
and income. This form is a direct analog to the linear expenditure

. .\. - . . N -iv ;

functions.empléyed in Stone’s analysis of consumer demand (1954).  The

additive linearity of the earnings function associated with the homo-

thet1c Cobb-Douglas- type utility function is in distinct contrast with

the linearity of the labor supp;y functlon which 1mp11es a concentric-

/
t

utility function as-was shown in section IT.

The direct labor supply function (35c) is also simple in form

but is clearly not additive. 1In particular, the magnitude of the

income effect is inversely proportional to the wage rate.- This implied

o

19
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inverse proportionality provides the null hypothesis for a statistical

e

test of the appropfiateness of the Stone-Geary functional form. If

ﬁhe estimates from the general interactive model are consiStent with

the Stone-Geary form, we fail to reject the null hypothesis that -the

income effects fqr different wage intervals are inversely proportional
to the respec;ive wage rates.

The wage slope hay'be poéitive, negative, or -zero. If nonwage
incomé, I, is'ﬁust equal to the subsistence requiremgnt, 1, the labor
supply function implied by the Stone-Geary function is completély
inelastic, with optimal work hours a constant fraction, B, of the
effective time available regardléss of wage rate. If the quantity
(I-v) is positive, obtimal work hours increase with wage ra;e, and,
conversely, if (I-u) is negative,&iabor suppiy decreases with wage

rate. 1In all cases the implied labor éupply’functions converge to

the value {1 in the limit of very high wage rates.

”“'"‘“Thé“lébéf'éUpplywresponséS“arewillusEEated in the expansion-

path diagram in Figure 5. Each expansion path represents a locus

) ) / ’
of optimal labor supply and market consumption points for a given
wage rate and varying level's of nonwage income. - A particular
equilibrium point is then represented by the intersection of a

budget line with the corresponding expansion path. A.tangeﬁcy with

an indifference curve is implicit at each such point, but indifference

“curves are omitted for simplicity of the figure.-

The expression for any given-expansion path is derived by

‘equating the ratio of the marginal utilities of market goods and
/ . g

'

\ : T
leisure' to a given wage rate. Recall that the wage rate is, in effect,

a price ratio, since it is deflated by the price of market goods. For

47 ,‘ :

F
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Figure 5. Expansion Paths and Labor Supply Curves for : vw
' a Stone-Geary Utility Function |
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thé\modified Cobb-Douglas functions, the expansion-path functions are
give;\by (36a) and. (36b), with ‘the two expressions being simple

, -2
reciprocals.

(36) D H=tof ey

)

or

b) M=y - —5-W(T~H) .

\

‘ {

For the illustration in Figure 5 we have chosen the following
parameter values: o = .25, B = .75, u = $3000, and T = 3200 hours per
year.26 When nonwage income 1s equal to $BOOO, labor supply is a

constant $2400 hours per yeér at all wage rates. For lower income, -

annual labor supply falls from 3200 hdurs at zero wage rate and

approaches the 2400-hour asymptote at high wage rates. For highef

income levels, labor supply rises from zero at low wage rates toward

2400 hours at higher wage rates. If o were larger relative to B,

the ésymptotic value of work hours would be a smaller fraction of -

total effective time (perhaps accomplished by . :creasing 1) and the
steeply risiné aﬁd falling supﬁly curves would.be obtained over a
wider raﬁge.of wage'rafes for any given magnitude of (I - u).
Conveféely,bif £ were very large relative to Uy thé asymptote would
be a large fraction of 1 and the steeply rising and falling supﬁly

N . .
surves would occur only at very low wage rates unless (I - u) were

-

quite large.
Another feature of this model is that combinations of parameters

and economic variables are acceptable only if it is possible to

attain levels of leisure and market consumption above the sub&istence

/

49
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requirements. In the illustrated &ase, a wage rate,of $.75 per hour

values of budget variables.

C.E.S. Utility Functions with Subsistqugﬁ?aramefers

Tﬁe tobbeouglas type of utility function dig ussed above is
one of a class.of ;unctions having constant elasticity of substitution
(C.E.S.). The more general C.E.S. function with subsisténce'parametefs
has been employed by Wales (1973) in a stuay of the labér»suéply of‘
" self-employed busin;ésmen. As noted eérliér, our treatment differs
frém his in that we do not inélgde tax parameters in the budget
conséraint.o% the derived shpply equations.

Deviation of the labor supply functions‘implied by a C.E.S.
utility Function is.simplified if the utility function is expressed

as an ”addilsg" function with equal exponents, ds shown in (37).27

-

S (37) &) U@,M) = e - AT+~ w7
or

b) UZH,W,I) = {1 — H)-0 + B(WH + I - u)—p ..

Equation (37b) follows from (37a) by substitution of the budget and

labor-leisure identities. The parameter, p, is related to the

- e . : : 28
elasticity of substitution, ¢, as shown in equation (38).

(38) Ca) o=

or

34

-3
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The solution for the optimal labor supply function 1is analogous

S

to the Cobb-Douglas case and is accompliéhed_byﬁqaximiiation of (37b)

with respect to H. ' The solution function is given in equation (39).

(39)4 gt (e/e) w0 -y
1l-o

1+ (/8) % w

It is easily cdnfirmed thap the C.E.S. supplyffunctiop reduces to the
form of (35c) in thé.special case, of 0 = 1. By contrast with the
special Cobb—bouglas cage,Awhich is linear in the ratio of income to
the Qagelfate"and tHe reqiprocal of wage rate, the general C.E.S. form
in (39) requires nonli&ear estimation techniques for empirical appli—
cation. It is th@s less attractive as a model unless the g;eater
generality is shown to be necessary., i
The functional form of the income effect implied by the C.E.S.
supply function again forms the basis of our proposed tests of the
appr0priateness of this-functional form. Differéntiaﬁion of (39)

/

" yields the expression)in (40).

hal®}

©(40). . DM _ _ -w

ﬁ 8/a)° + WO

]

[

a -

Any hypothesized values of 0.and the ratio (8/a) will imply ratios

of income derivatives for different wage intervals, which may be

v

. I ' -
tested using the estimaﬁe§§fnom the interactive model.

The overall pattern of labor supply behavior implied by C.E.S.

. utility functions is again clarified by illustration in an expansion-

path diagraﬁ. The expressioﬁs for an.expansion path, derived by
v .

equating the marginal rate of ‘substitution to the given wage rate,

are shown in equationé (41a) and (41b).
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1) &) H=t- (@/ew’ G-

o

~r

=
i

Wt (Bw/a)’ (r - 1)

As in- the Stone-Geary case, the expansion paths for different wage
rates are rays emanating from the point (M=u, H=t1). The divergence -

of the implied expansion paths for any two wage rates will be greater,

-

the higher is the elasticityiof substitution, o.

Expansion—péth diagrams for modified C.E.S. functions with

o = 0.5 and 1.5 are shown in Figures 6 and 7. The values of p-and

T are the same as in the Stone-Geary illustration of Figure 5, and
the ratio (B/a) is chosen to yield the same expansion path at '

w = $4/hr. in all cases. In all C.E.S. functions the income effect

becomes stronger at low wage rates, and the strength of this

z

interaction is an.increasing functibn of 6. In the illustrated case
with 0 = 1.5, for instance, the income effect of —.0625‘a; $4.00 per
hoér‘increases in magnitude to -.4 at $1.00 per hour, a more—thén—
six~fold increase. The strength of this interaction implies a need
for consiaé%able caution in the use of labor supply*gunctions‘based

on utility functions with high substitution elasticities.. In‘

:particulér, for those cases  where we wish to predict labor supply

behavior in the face of income supplements and reduced marginal'wages,

‘we need to be sensitive to the fit of our estimated function over
the region approaching those values.

Wage rates afe impiicit iﬁ the slopes of the'budget lines in
the expansion—péth diagrams. The direct func;ional‘relétiqnships

- between wage rates and work hours-are illustrated in Figures 8a - 8¢

52
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Figure 7. Modified C.E.S. Utility Function o = 1.5
Expansion Paths and Labor Supply Curves

K Markét
Goods

-

$25,000

$20,000 -

$15,000 -

v $10,000 4 .

SS,OOO.-‘

$3,000 KB

3000 " 2000 . 1000 L A—— —A
Leisure~ , <Work Hours




51
‘for the casés with ¢ = 1.0, 0.5, and 1.5, respectively. The unipr
elasticity.corresponds to the spécial fobb—Douglas or Stone;Gearf
case. In all cases the labor supp%y responses to changes in the
. wage réte depend on,the.ievel of (I - u) in a manner‘similarato
the Stone-Geary case, though the.direct correspondence: between the
direction of the résponse anq the sign of (1 - u) holds only in thét
case. The differeﬁces in wége re;pohses are most pronounced in the
‘range of lowrwage rates, while in the limif of high wage rates all of
the.wage curves converge to the curve for (i - u).= 0. For
elasticities greater than unity, that curve is positively slopedt
. ‘and approaches tﬁg bonstanﬁ;asymptote, H = 1. For Sﬁaller
.elasticities, the curve for (I - 1) = 0 has a negative slope and
 approaches a zefo asymﬁéote. In general, a higher elasticity.
results in a positively sloped supply curve over a bhroader range
of wage rates for any given value of (I ~ u);

Wales initially estimated the subsistence paramef:rs as well

as the substitution elasticity and the ratio (2/¢). He deemed those

results to be unsatisfactory and did not report them, because 'many"

s

.~

samp.e individuals were observed ﬁo be in positians below the
estimated minimum acceptable levels of leisure or incomé. After
constraining‘the subsistence parémeters to the values v = $6,500,

T = 4160 hours (our.notation); he obtained estimates of ¢ ranging
from G.76 to 2.08. His ﬁreferred estimates for theﬁfull sample of
bugsinescmen are ; = 1.51 and (n/#) = 1.54. These parameter;values
are candidates for construction of a null hypdthesis in tests of

" -

various functional forms.

SR, i S

()
o
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Figure 8. Labor Supply.Cﬁrves_as Direct Functions of
the Wage Rate at Different Levels of Nonwage Incédme:
Three C.E.S. Functions: ¢=1.0, 0.5, 1.5
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Utility Functions with. Variable Elaéticity of Substitution

-~

A labor supply model based on a homothetic utility funétion more

general than the C.E%S, function is comparatively easy to denive in

"the single-worker case. 1In this model we do not obtain an explicit

function for utility but rather work from an expression for the

élasticity of substitution, given in (42). The function g(w) may
¥

be virtually any continuous and differentiable function, and the

particular form of (42) is chosen for subsequent ease of integration.

(42) o(w) = - w g'(w) .

In the general production function, the elasticity of
substitution is defined as the elasticity of factor proportipns with
respect to the factor-price ratio. 1In the present applicatiOn,.the
arguments of the function are leisure and market goods less respective
SQ551stence requ1rements, and the prlce ratio is 51mply the wage rate,
becausecwe have already deflné\\k\ielatlve to Lhe price of market

goods. The elasticity of substitutidh is thus . «pressed as shown

in eqﬁation (43).

AN
L A
N ~ _ [} =_-'M~——U \W
(43) J(w} = -wg' (w) ST e W
M- u

- \
! \

The function in (43) may be rearranged aﬁd integrated to yield an

expression for the expansion paths correspohding»to the variable

\
\ -

elasticity of substitution implied by a particular choice of g(w).
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(44) a) 3 wg! (w) dw

’
w

!
= >

= = g(w) + log k ;

. ) L=A _, .86

Substitutions from the labor-leisure identity then y2eld the expressions
_for the expansion paths in terms of work houts and market goods. The

two expressions in (45a) and (45b) are simple reciprocals.

(45)' a) H=r1 - keg(w)(M = u) o

i

b) M=y + k—}e—g(w)(T - H) . o . i

e

- . Finally, the labor supply functions are derived by simultaneous

solution of the expansion-path function and- the budget ‘constraint.

”,

This solution is the analytic equivalent of the intersectiorns of
budget lines and expansioh paths plotted in Figures 5-7. The

. resulting supply functions are given by (46) for any desired g(w).

(46) g=X= k eg(w)(I - ) . , :

‘ 14k B

The function g(w)-= -0 log w yields the supply function for

N

the C.E.S. cases. Any g(w) that is a linear function of powers of ,"~‘ ‘
w adapts simply to the variable elasticity model, and 6ther functions !
’ \

may presumably be adapted with varying degrees of ease. The implied

supply functions will of course be correspondingly complex. o
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At the present time this author is unaware of any labor supnly
~studies that uyse a variable elasticity model. Samuel Rea's gener:l

estimates of labor supply parameters, which were discussed in section
I .

. ' | L
II, suggest that such a model might be appropriate, however.

Quadratic Utility Function

" The quadratic utility function has been used as the basis for

a number of studies of coﬁmodity demand and for illustrative purposes
29 L .

in the context of labor supply. J A general form of this function

for leisure and market consumption of a single-worker family may be

expressed as shown in 47).

3

(47) U= a+bL +cl? + dLM + eM + £

The coefficients b and e are positive, while ¢ and f are negative,

and drmay be of either sign within the limits set by the second-

— .

order conditions.

The utility function has a maximum or "bliss'" point at the

values of leisure and market goods given in (4., .

(48) é) L% = ~2bf + ge ;
4ef - d
o | . by Mx = “2ce + db
4ef ~ dz

The indifference curves implied by the quadratic utility
function are concentric about the bliss point. This function will

thus be a useful approximation only if that point falls well gbove

the observed'fanges of leisure and market goods. The expansion

oo

%)
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paths converge to the bliss point'with increasing income and are
described by the expressions in (49), with T again'representing

total available time.

. _ T -we - b+ (Quf-d)M |
(49) a) H 7c - wd :

, - b -we + (2c - wd) (T-H) .
b) M 2wf - d

The convergence of expansion paths at different wage rates is

indicated by the slope of the paths.

(50)  3H _ -(2uf - d)
M (2¢ - wd)

e

If the pross—ﬁroduct parameter, d, is zero, the sloﬁe is simply pfo—
portional to the wage rate. For acceptable negative valﬁes of d, the
magnitude of the slope increases more than proportipnately wilth
increasing wage rate; conversely, for positive vélues.of d; the
slope increases less than proportionately with increasing wagé raté.
The model based on a quadratic utility function is thus similar
to models that assume a linear additive income effecf'in the suppiy
equation, in that both imﬁly convergent expansion’paths. The pattern
0f cﬁnvergence is more cbmplex‘in the present case and is generally
stronger in the lower range of wagé rates. The convergence property
does not have a high degree of intuitive theoretical appeal. In
the linear additive case,»it follows from‘;vmodel with the ébmpen?
sating virtue of a siﬁpie and empirically, tractable supply function. ;
Thatvviftue is notagly lacking in the quadraﬁicvutility model, as

is evident froin the form of the supply function'given in (51).
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-

_=dT + e)w - 2(fw -~ d) T + 2cT + b

Z(fw2 - dw =.¢)

(L) H

.

We will thus incline toward use of this function in emipirical work:
only if the estimates from the general interactive function strongly

suggest that it is the appropriate form.

Parallel Utility Functions

-

IS

In the preceding discussion we have considered two general types

of utility functioﬁs; lHomothetic functions are characterized by
expénsion bathsvthat diverge from a ﬁinimal subéistence point of leisure
and market goods,\while concentric anctions.are chéracteriéed by
expansion pathé that converge at a bliss ppint in the upper range

of the basic goods. As we have noted, the concentric functions do

not have a great deal of intuitive appeal butxméy prove to be useful

approximations over some ranges of variables.

Homothetic functions have received a great deal o[ attention ‘in

literature on demand and production because they imply conveniently

3

regular behavior patterns when variables are expressed in proportional

terms. For instance, any given indifference curve is identical, but
for a factor of scale, to any other curve; for the same function. In

the labor supply context, howeQer, many of the convenient features
of the homothetic models are of little avail. Leisure is essentially .~

/ only a construct of the model and has do obvibus and reasonable zero

30 R o
point. Proportional responses in leisure demand are thus Crlal—

~ : )

1y dependent on the choice of the ‘subsistence point, Furthermore,

[

ERIC
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labor sugply, which is of primary concern in the model, is defined”

as the additive'complement of leisure, so even the arbit?ar& regularit§
of proportional leisure-demand responses does not, carry over tovlabor
supply response.

The additive complementa£ity cf the model.of labor supply and

\i;isure demand suggestsla riatural third élass of‘utility functions,
those. that are homothetic fn'az/absolutevrather than a.proportional

sense: Functions in this clasg are characterized by parallel expansion

:pathé and identicaily shaped parallel ?ndifferencé surfaces, hence
pur'ferminology of “parallel_utility_fun;tions.”
Pargllel utility fungfioﬁs do not, in general, lend themselves

to explicit ‘analytic ekpressions of,the'utiliiy fuﬁction,:thpugh

such expressions may be derived in some cases.?l The approach we
- follow here is to describe the ;tility fugctiéns implicitly through
tHe expression. for the corresponding sets of exparnsion paths. 'Given
Fhat parallel e#pansion paths have eépal slope, which we denote
fy'the negative constant, D = %— s thevexpansion paths may be -

41 32 . P
expressed in thé form shown by equation (52). .

(52) H= £(w) + DM . ) S

The function f(w) determines the "spacing" of the expansion paths

and thus determines the functional form ¢f the substitution effect

~

implied by the model. The graphical illustration of a parallel

’

utility function, shown in Figure 9, helps ‘to clarify the role s
of the '"spacing" function f(w).

We may use the analytical equivalent of the graphical technique

cemonstrated in Figures 5-7 to derive the labor supply functions,

-, o




Figure 9.
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Expansion Paths and Indifference Curves for a’
Parallel Utility Function :
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. That is, we simply solve equation (52) simultaneously with the budget

t v

constraint. Substitution for M in (52) from the budget constraint

gives
(53) H= f(w) + D (wH+ 1) ,

which yields the general solution for the supply function.

. _fw)+DI .
(54) H-——~——l_.D‘w |

A number of general features of this model may be seen in

the expressions for the various partial derivatives.

(55) 8H D
: 3 1 - Dw °

(56) ~3H _ (1 - Dw) £'(u) +D €f(w) +DI) _ £'(w) +DH .
v | @ - pw)? 3 1~ Dw

(57) @M JH aH _ £'(w)

T BT 3T 1 - bw °

The form of the interaction between’ the income effect and the

' wage‘rate, as shown in (55), depends only on the parémefer D. The

magnitude of the income effect declines.as the wage faté increases,
as in the case of homothetic‘functions, but the interaction is
weaker in the present case. > , ¢

The wage slope, given in (56), may be'either positive or
negative. The dehominafor is always positive, and .the two terﬁs in
the numerafor have 6pposité signs. The constant D is negative, so
the term DH is negative and f'(w) must be positiQe to provide a
positive substitution effect. The relative strength; of the two
terms in the numerator will determine whether the iﬁdividual labor

supply function is rising or falling.

<
H-‘:; ~
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The substitution effect, shown in (57), depends on f'(w) and
on the_ parameter D but is independent of the level of nonwage incomg.

We may thug denpte it as a function of the wage rate alone. Intui-

s

tively, the simple form of (58) is a consequence of the identical
shapes of all indifference curves for a given parallel function.

(58) %h = S(w) .
ow

!
u ‘

. The relationships (55)-(57) ﬁay Be used to inVestigate the
properties of various functions in this;class. In|the following
diécussion we consider three variants of'parallel &tility funétionS'
thaf may have useful properties.

Case 1: The Ashenfelter-Heckman model. A labor supply function

"

with a constant substitution effect has beeg suggested by Ashenfelter
and Heckman (1973, ;974); As was shown in segtipn 11, this property
is incompatible with the constant income effect that they.glso
intended to incorporaté into their model. A reasoqable interpretation
of their estimation procedure suggésts that they in fact estimate a
labor supply function that has neither of thevassumea propefties
gut is consistent with a utility function in'éhe parallel class.
Interpretation of thé underlying Ashenfelter-Heckman model is

not entirely straightforward because their discussion of the

systematic variation of labor supply is intertwined with their

discussion of the ndom component. However, if we consider a

~

worker whose labor supply is determined by ansexact function, the

form of the function implied by the Ashenfelter-Heckman estimation

model appears to be

GH
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- L (59)  H = A+ Sktw+ BRM

where we employ our notation.

The expression in (59) may be interpreted as a specialﬁcase
of the expansion-path expression (52), with D equal fo B* and the
function f(w) given by (60). 7

(60) f(w)‘= A .+ S*y ..

. , ‘

The expansion-path expression (59) may not be~used direcﬁly
for ordinary least squares estimation becausé M is an endogenous
variable. To circumvent this difficulty, Ashenfelter and Heckman
employ an instrumentél variable for M in the estimation of‘the
model.34

In our alternative procedure, we solve for a reduced form of

the supply function by substitution for M from the budget constraint.
61) a) H= A+ S*yw + B*x(wH + I) ;

b) H= A + S*w + B*I ,

T - B*y —_—

The expression in (61b) is again a special case of the general
- ﬁaralle} sdbply function (54).
The income and substitution effects implied by‘this model

" follow immediateiy from (55)? (57), and (60).

(62) 9H _ B* -

31 1 - B*w




63

£'(w) _ _s* .
- B*y 1 - B*w

(63) S(W) = 1

Both the income effect and the substitution effect thgs are
not constants but ére functioﬁélly dependéht on the wage rate except
in tﬁe dééenerate ease when B* is equal to zero.

Ashenfelter and Heckman obtain estimates of S* iﬁ_tﬁe range
from 66.9 to 68.9 annual hours‘per dollar of hourly wage and esfimates
fogrB* that range from -.065 to -.070 ho;rs per dollar®of market
consumption. An'exﬁansioﬁ—path diagram iliustrating(the,impli—
cations of these estimates @s'showh in Figure 10. = For the figufe
we have used the round values S* = 70 and B* = .065 and chosen the -
constant A to imply aﬁ eﬁuilibrium of 2000 hours for a Qorker with
no outside income and a net waée of $4.dO per hour. The modsl
clearly shares.one of the weéknesses;that affected a number of
the classical general models: The implied zero-wage equilibfium
exceeds 1500 hours per year for incomes up to Sll,OOOf 'The model
is well—bqhaved in the high-wage range, hbwever:

Case 2: A constant substitution effect in a function of the

(XY .
parallel class. It is straightforward to derive a supply function

in the parallel class that has the property of a constant substitution
effect. ’ The substitution effect in (57) is simply set equal to a

constant, S, and the differential equation is solved for‘the function
£(w) . o

(64) a) f£'(w) = (1 -Dw) S ;

b) f(w) = A + Sw -~ % Sw2

The supply function then fellows directly from (54):

67
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;Figure 10. The Ashenfelter-Heckman Function
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(65) o=

A+ Sw - 1/2 DSw2 + DI
1l - hw- '

Differentiating with respect to the wage rate and simpliéying
then yields an expression for the uncompensated wage effect th%t is’

exactly in the classical Slutsky form.

(66) 3H _ ., _D
ow S+ 1l - Dw H

Th;‘supply curve will be either rising or falling depending on
the relative sizes of the incomé~and substitutiod effects in (66):
For similar values of parameters, tﬁe implications of this model
will‘ﬁot be very different from those of the Ashenfelter and Hggkman
model. The indifference cur?es are true parabolas, which imply
zero warginal valﬁation of'leisure at a level of work hours not
35

_ far below standard full-time work.

Case 3: Parallel function with a proportional substitution’

éffect.l The two Variants of the parallel model discussed above have
the disadvantage tﬁat fhéir zero-wage expansion paths may fall in a
range not far below full;time work effort. This implies a zero or
negative valuation of any leisure gained by further reduction of
work effort. A simple'function that avoids this property makes the

substitution effect inversely proportional to the wage rate.
(67) S(w) = y/w .
Solution of (57) yields the expression for the function f(w)

(68) f(w) = A+ vy logw - v Dw ,

69
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which leads .to the supply function by way of (54).

A+ vy log w -~y Dw + DI
1 - Dw:

(69) H =

This form of sﬁpply function implies steeply risipg curves at
low wage-rates, which bend backward to gradually falling curves at
high wage rates as the substitutiqn effect gets.smallgr. The expansion-
patﬁ diagram would be similar to that sthn in Figure 9\ though no
precise functional form was emﬁloyed there. \

.Clearly_a virtually unlimited number -f functional #orms could
be adapted to the parallel utility function, but there is no great
benefit to our further investigati&n of othe¥ variants 3t this
juncturé. The examples presented above establish paral{el functions
as a flexible and well-behaved class of preference str ctures that

may prove to be appropriate as an analytical basis-f models of

labor supply.

IV. Conclusion /

o/

In this paper we have sought to pro-ide th¢ theoretical
background for the explicit modeling and estimition of income-
leisure preference structures. Estimates of preference structures

have been implicit or explicit in previously estimated models of

labor Supply, but in almost all‘cases those estimates have been
limited by arbitrary assumptions aéout functional form. Our ;ntent
in thic study has been to broaden the scope of.model const;uction
so that not only the estimation of individual parametoré tut also

the choice of an appropriate functional form may be viewed as a

tractable empirical question.

\

\ . '7‘0' ‘ \\\ ' . o L ﬁ
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One of the reasons that the selection of an appropriate
functional form has not been regarded as an empirical question in
previous labor supplf studies is that a systematic set of alter-
natives to )choose among has not been obvious. In this paper we have
characterized thevinherent preference structures of a wide variety
of labor supply models in terms of patterns of expansion paths in
the income~leisure plane. This methodology‘proyides the common
ground forva systematic comparison of the underlyihg preference -
structures from a highly diverse set of analytical forms. 1In
partichar, the preference structures implicig in various functional
adaptations of the classical general labor supply médel_may be
compafed divectly with those from models based on.explicit assump-

tions about the form of the utility function.

A large part of the paper has been devoted to a review of

empirical labor supply models and an exposition of their underlying
preference structures within the expansion-path format. On the

basis-of this review it has been possible to outline a well-behaved

~set of alternative structures. The primary distinguishing feature

of the different models is the convergence or divergence of expansion

paths at different marginal wage rates. The structures implied by

the more tractable empirical models fall along a continuum from

-highly divergent to highly convergent patterns of expansion paths.

At the divergent end of the spectrum are models based on homothetic
utility functions, such as the model with constant elasticity of
substitution or the more general model with variable elasticity.

In these models, the egpansion'paths diverge from a subsistence

point representing minimum acceptable levels of leisure and market

71
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consumption. At the other end of the continuum are preference

structures with expansion paths that converge at a ''bliss poa/
: : ‘ p
so named because it represents a maximum attainable level o

_ Sy
utility. The linear additive supply model and the quadr@%&c
//

/
» /
utility model are the primary examples of convergent ppéference

/
structures. // -

A
A
Y
Y

A third general class of preference structureé/falls midway
between the two extremes. Structurés in this clgés are characterized
!

by parallel expansion paths, hence our ”parallgﬁ preference functicns." o

To our knowledge, this class of models has no% previously been ﬂv,,nf’””/r/fv

formulated in analytical terms, although a sﬁggia%/65§§<g£f;ijii\\\

parallel preferehce model was implicit in an estimatioh procedure
employed by Ashenfelter and.Heckman. As examples', we derived‘the -
analytical forms for two other simple parallel modeié. .
The expansion-path methodology that served to organize our
review of diverse analytical preference structures also.serves as,
the basis for a general eméirical model. Ourvgroposea estimation
form is/adapted from a model developéd by Coheﬂ; Rea, aha Lerman
(1970): In this model, categorical interactions between the

marginal wage rate and the income effect permit'separate estimates

of the‘ income effect for each of several intervals of the marginal

wage rate. These estimates may then be interpreted as approximate

sample analogs of expansion paths for the various wage intervals.

‘The direction and magnitude of estimated interactions between the

inccome effect and the marginal wage rate will determine the
convergence or divergence of the preference structure implied by

the general estimation model. If the magnitude of the estimated
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income effect had a strogg inverse relationship with the marginal
wage rate, the general estimates would suggest a divergent homothetic
structure. A weak inverse relationship wouldbbe consistent with é
paraiiel structure, and a zero or positive relationship would imply

a convergent structure.

It is also possible to conduct formal statistical tests of
alternative functional forms on the basis of estimates from the
general empirical model. To test the appropriateness of a given
analytical form, we would establish a null hypothesis involving
the.impliéd ratios of income-effects at different wage levels.

We would then reject, or fail to reject, the null hypothesis on
the basis of freely estimated income effécts for thé different
wage levels.

In any empirical study one must expect some degree of uncertainty
due to sampling errors in estimates. It is thus likely that estimates
from th%‘general model will be statistically consistent with a number

£ I
of différént analytical forms within the range of available data.
The different functional forms can have very different implications about

behavior at more extreme values of independent variables, however.

C#

These differences are important because policy issues, such as the.

assessment of the labor supply impact of income-maintainance

- programs, often involve 1n7erences about. responses outside the

usually observed range of variablés. 1In our review of alternative
models we have thus devoted additional attention to the general
plausibility of implied labor supply behavior over a wide range of

variables. The differing\imﬁlications of different models would be

73
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testable, given sufficiently rich empirical data. In the absence of

!
reliable empirical information, our review provides useful perspec-

tive on the sensitivity of policy inferences to alternative assumptions

e

-

about functional férm.
In the above discussion we have emphasized the generality of

our proposed aﬁproach to’empirical inference about the functional

form of preference structures. We also need to'note its limitations.

In particular, the well-behaved sef of alternétive preferende structures,

characterized by divergent, pafallel, or convergent expansion pafhé,

is limited to models having linear expansion paths. A more general

set, including models with curved expansion paths, would ciearly

be ;ore difficult to characterize in simplg terms. It ié our

judgment thaﬁ our restriction to médels with linear expansion

paths represents a reasonable compromise given the limitations

of available data on individual labor supply. Most crifically, the

variance of nonwage income is rarelj large in observed data, and

the effective variance is further reduced because separate income

effects must be estimated for individuals aﬁ different wage levels.

It is thus unlikely that workably reliable estimates of curvature

in the income effects can be obtained in addition to estimates of

wage-income interactions. We have included an exposition of

selected properties of previously estimatgd'curvilinear qupply

models but have not attempted a more generél treatment oé-curvilinear

structural models. These limitations notwithstanding, we hope

that the methods proposed in chis paper can lead to significantly’

greater generality in the estimation and interpretation of models

of "labor supply. There are also potential extensions of this

e
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methodology to multiple-worker models of labor supply and to models

of demand for major consumer commodities.

. ! =1 oo
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Appendix.

Explicit Utility Functions for Members of the Parallel Class

For some tunctions in the parallel class, it is possible to solte
for explicit expressions for utility as.a function of market consumption
and leisure or work hours. Since our primary iﬁterest is in work hours,
we shall work directly with that negative gdod, rather than with its
tositivé complement, leisure, as an argument of the utility function. '
The basic method of solution is illustrated graphically in Figure A.i.

Our aim is to find a monotonid‘indek that.will provide a rela-

tive ranking of the utility level of all consumption points in the H,

A

M plane. We accomplish this by obtaining an equation for the indif-
ference curve thtough any given consumption point and then determining
the point of intersection betweép that curve and an expansion.path

that has been‘chosen ag a reference.36 Highet indifference curves will
clearly intersect the reterence path at a higher level of market con-
sumption, and conversely for lower curves, so .e level of market

goods at the intersection point provides avconvenient index of
utility.37 In the figure, the indifference curve thrdugh the
consumptlon point (H,, M ) intersects the refereﬁce path at p01nt A,
w1th.poprd1nates (Hul, Mul). The index value for utility at that

.

point is then taken to be U(Hl, Ml) = M

41° The value of the utility

index for consumption point (HZ’ MZ) is obtained in analbgous
fashion. - . L(/

In the analytical derivation that follows, the notation corre-

sponds to that used in Figure A.l. We also use w, the notation for

76
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Figure A.l
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wage rate, Eo represent the marginal wage rate of substitution at
any consumption ﬁoint.. Since one of éhe objects of the utility index
is to alloQ.comparison-of consumption points thét‘are not necessarily
local optima,}the marginal rate of substitufion or the equilibrium
marginal wage rate is ﬁresumed to be initially unknown. For
convenience of reference, a summary of notation. follows:

(Hi, Mi) ’ The consumption point of work hours and market

goods for which we wish to obtain a value of the
utility index.

W, The (initially unknown) marginal rate of substi~-
tution or equilibrium marginal wage rate at
.y M), :
(H, » 1)
(Hui’ Mui) The (initially unknown) point of intersection

between the reference expansion path and the
indifference curve through (Hi’ Mi)u

Ui =My The value of the utility index.
. , \

N The marginal rate of substitution along the
0

reference path--a known constant chosen for

¢ ' convenience.
. 1} X N

(HO, MG) TQE origin point of the referencs path. M_ig-

o,
most conveniently taken to be zero, and H is a
constant that depends on w_. H , M , and wo are
all implicit or explicit . astants in the function
f(w) that characterizes the parallel function in
question.

The features of the parallel function that are presumed tobbe

‘known are the general expression for the expansion pafhs and the

derived expression for the substitution effect, shown in (A.1l) and

. (A.2). These equations are repeated from (52) and (57), respectively.

(4.1)  H = f(w) + DM .

£ .

(A.2) S(w) 1 - W

78
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In the éarticular cases treated below, wé wqu directly from
alternative assumed forms of the function Stw) and do nét bother with
the expressions for f(w), which were derived in sgction I1I.

The eqﬁation for an indifference curve is obtained as the
solution to two simple simultaneous differential{equations based on
the form of the subétitution effect and thé aefi;i;ion of .the
marginal wage rété. We éolve for these eduatiéns as if the initial
constants (Hui’ Mui) were known. We then solve‘for the value of
the initial constants that will yield an indifference curve through
the consumption point (Hi, Mi).

The function for the substitution effect relates work hours to
the wage rate along an indifference curve.

(4.3 a) s =
u

b) BHU = S(w) A

The definition of wage rate relates all three variables, market

consumption, work hours, and wage rate.

i

(A.4) a) w=
b) oM = woH .

We may reduce the number of variables in (A.4) by substitution

for “H from (A.3b).

F3%8 M = h g7 .- "
(A.5) =V S (wy v /
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Given knowledge of the form éf S(w), the equations (A,3b) and

(A.5) may be solved by integration, and those solution functions may

then be solved for the desired initial constants.
The simplest functional form for the substitution effect is _that

it is constant.

(A.6) S(w) =8 .

The differential equations then become

!
(A. 7) dgu ?,S«.‘Wu ;

IM 3
aA.8) BDu wSowu .

These admit to the integral solutions in (A.9) and (A.10), with —

LA conveniently chosen to be zero.

(A.9) a) H

b) (Hi - H i) = S(wi - wo) = Swi .

(A.10) a) M | =/ wSdw ;

.2 20 1 -
b) (M, - M) =3 s(wi wo) 5 Sw .
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3

: ' f
. |
The unknown, Wi, may be eliminated by simultancous solution. , w
. ‘ - 1
|

2

- =.1:_. .. = . ‘
(2.11) (hi Mui) 25 (Hi Hui) : . > /_

Then the expression for the reference expansion path given in : v
(A.12) is used to reduce equation (A.1l) to a quadratic equation in

the single unknown, M ., which is our utility index.

(A.12) H.=H +DM_-M)=H +DM ... .
ui o ul o 0 ui

A - = e s - _‘
(A.13) Q- M ) =5z - H - DM

' 1 \ = = ._l 8 " '1 - 2 : ‘
. (AL14) L(Hi,Mi') =M =% S+D(H, -1 ) *w/ S —;25D(Hi i 2m\\1i)

For reassurance that this is inaeed the appropriaté utility
function, it is comparatively'easy'to set the ratio of marginal
utilities equal to the negative wage rate and derive the expansion-
path expressions that are more direccly derived in equations (52)
and (64b).

The parallel utility fpnction with a proportional substitution
effect, S(Ww) =‘% , turns odt to be less tractable ?n terms of an | >
explicit utility index. A derivation parallel to that above leads

to the following equation, with Nui as an unknown.

AT Mo- M Y=o [ - —u -
(A.15) (Li Lui) v, (1 exp (Hi LC Dbui)]

o far as I am aware, equation (A,15) does not admit te an analytic

solution for M .. -
T el ,
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Notes
‘\\ —_—

\
N\

-~

__%We shall refer to ﬁ&eﬁerence:structures and utilif& functions
interchaﬁgeably. The fofmef\termris somewhat preferable in that it
connotes only reiativé preferénéeé. All monotonic transformations of
a éiven utility fupction will corréépond to a single preferénce

structure. We will be concerned only with the relative preferences
, i ’

b

also dse "ingcome-leisure' as a shorthand for "market consumption-

t

ome' to refer

flarket, consumption"
or "total family income," which is a nddéenous variable. - ,\

-

2Dickinson (1975a).1_«’ff o ' .

3These are\imbortant issues for any practicai applications |of
labor supply models and are addressed in Dickinson (1975a, 1976hL).

4The use of a singlercomposite of market goods with a singl

\

~

price index is a reasonable approximation to the extent that price

changes in major subcomponents are approximately proportional or that

those components with disproportionate price changes are not important

\

the general theoretical model. For a formal derivation of the

.

classical restrictions see, for instance, Koépers (1966) .

6In conventional demand studies the several demand functions in

a complete set, such as the functions in (Ba% and (3b), ére often

82

"independent of the chosen scale of the utility function. We //// \
|
2
L
t

/ _ g
.substitutes for or complements to leisure. ) ‘ o \<
“In this discussion we review and illustrate the properties of _—
- \ N :
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treated symmetrically. <Consistencyv with “he budget constraint is

then enforced by the imposition 'of so:cﬁ/ied aggregat:on conditlonsyyy»f“

-7 .»-»“”'f

/—“ .
These condltlons are discussed in Goldberger (1967) ByW1ncorporating

the budget constralnt 1n the demand equa/leﬂ“for market goods we

,/‘ -

assure that the aggregatiOn con flons will be met at all points

for which the functions 2 defined.

7Except for thé negligible second-order effect dua tojthe change

in the marginal/ wage rate and the resulting response. \

8 .. ' .
Rec%;i that the signs are reversed from the usual demand theory

/

results?

9A change in only the earginal wage is equivalent to a change

a in wage rate for all hours accompanied by a compensating change in
nonwage income equal to —HOAw.‘fThis may be seen by extrapolating the

line CK back to point P at zero work hrours. The vertical distance

A

AP represents the compensating income change, —Ho"w'

lOGerfiekel (1974) made direct use ot estimated supply tunctioes
o in prqjecting the lebor supply responses impl%ed by a variety of
previously estimated supply functiOne. At th%t time, however, he
appeared to regard the procedure as a second test adopted only for
expositiona1 simplicity. Garfinkel and Masters (forthcoming) and

Plotnick and Ckidmore (1975) have adoﬁted the direct simulation‘\

technique.

}Qx lIt_ls necessary to use intermediate estimates'cf the substi-

. { .
tutiqn effects for more complex problems such as the determination of
‘ the exeected responees by workers above the breakeVeﬂ point of a
rnegative income tax. Carefmust'nunctheless be exercised to maintain
O B g -~
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functional consistency. - For direct use of the supply function as the
simulation equation, all degét variables must be expressed in net
terms. The necessary transformations are discussed ih Dickinson
(l975b).;

lZA partial listing includeg Kosters (1966), Greenberg and Kosters

(1970), Boskin (1973), Hill (1973), Dickinson (1974). In several

cases other more complex forms were also estimated.

13See Cain and Watts (1973, p. 333, Table 9.1, fooﬁnote*).
lASee Dickinson (1974) and in the context of other models,

Ashenfelter and Heckman (1973) and Rea (1971)..

lSSee, for instance, Greenberg and Kosters (1970), Rosen and | _ /

Wwelch (1971), and Hill (1973). These authors note the dependence

of the elasticity on the initial wage but then treat it as a

constant.
16 . ' ' .
S = A-BH, and B is negative.
17;H' w ~
fw u" T g @ constant less than one. A given proportional

1
'
’

increase in w results in a smaller proporcional increase in H. The
‘ N
\

ratio w/H thus increases with increasing w 2nd H along an indiffék?nce
. |
curve, and 5H
JW. i u
the elasticity. Conversely, as w approaches zero, 5H must become .
T hwiu

must decrease to maintain the assumed constancy of-

very large.

8 . . . . . .
T malntaii/;hls somewhat awkward terminology to avoid confusion
with the "elasticity of substitution" parameter for production functions,

which is'similar but not identical to the current concept.

84
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9 ' ' o “H . ‘
The uncompensated wage derivative, E must he independent of
~n » : a N
I, since SH B is a constant and is thus independent of w. 9 5%-/uw=0

o1
implies that 3 (g{% /31=0.

2O’l’his donstraint has the greatest effect on the income effect

-

for the wage interval $2.50-%4.99/hr. A free approximation of the

expansion path for that range would intersect the next-lower path in
the vicinity of H=2250, M=$8500.

\

- 21 . . . .
An extensive discussion of our treatment of complex budget para-
g

meters is provided in Dickinson (1975b). See also the brief comments

later in the text.
22 . . '

For an application of this functional form in a labor supply
context, see Wales and Woodland (1974). For a more general exposition
ard application;lsee Christensen, Jorgensen, and ﬁgu (1975). , ;

23 ) ) \ N V
See, for instance, Leuthold (1968), Wales (1973), and Horner
(1973): ' \

24']:he param?kers o and & élearly can be multiplied by a scale. !
constant withéét affecting the supply functiomns. Tﬁe functions are

thus simplified Siightly by normalization such that o + 8 = 1. Note

that the terms in 35¢ and 35d would be grouped differently fof/

estimation pu;goses. ‘ . f

25 . ) .
Note thzc :n this particular case the slope of an expansion

LOH e , L

path, i 33 T—is proportional to the income effect on work hours from
. “H . ' .

(35¢), T = —-+/w. This is a consequence of the linear expenditure

property, which implies a constant marginal propensity to spend
on leisure regardless ef-the wage rate. From equation (21) we have

IS

QC
(P
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CH Mt _ - Jw - -x/w _ =-x/w__.1 3H

SH 1 -walw  (1-a) g B3I

1-+W'a—f

9H . , - .
The fterm w 57 o the denominator reduces to a constant only for this

particular functional form.

6These parameter values were chosén with an eye toward a degree
of realism for male family heads. The asymptote of 2400 hours 1s a\
bit high but is a conveniently round number. The labor supply cur?g
for I = 0 is similar to that observed in several studies. And at
$4 per hour (cldse to the current mean wage) the income effect of

-.0625 is well within the range of recent estimates.

27Coldberger (1967), with reference to an unpublished paper by

Pollak (1967), points out that the addilog from (37a) is simply a.
/ :
monotonic transformation of the more familiar form./ The labor supply

equations are unaffected by such transformations. /\

/
'

28_ ) _ S
- In our notation, ¢ is defined as a positive¢ number.

2

‘9See, for instance, Houthakkexr® and Taquf/fl970) and Taylor
and Weiserbs (1972). Henderson  and Quandt (1958, p. 24) present a
simple labor supply examy lc.

30The literal zero point that would allow up to 24 hours of work

per dayvélearly untenable implications for labor supply. Labor

supply equilibria at normal levels would be possible only if the

s

y

income effect were several times greater than has been observed in
“

any empirical study.




31The derivation of an explicit utility index for one function

in the parallel class is presented in the Appendix to this paper.

\

32Not\é that the variable w in f(w) refers to the equilibrium

marginal wage raté or the marginal rate of substitution, which is
ﬁixed along a given expansion path. It is thus a characteristic of
vt;é\preferenge structuré and is not associated with a particular
Budgét line. The marginal rate of substitution is equated to the

wage rate of the budget constraint in equation '(52) in order to solve

for the labor supply equation.
33 | ~

The limiting case of a homothetic function with zero elasticity

Lol , .
of substitytion is also a member of the present class, with £ (w)

< -
<

eqdal to a constant. In that special case the wage-income inter-

—— e e — - P

~.

action is, of course;-the same.

34Strictly speaking, Ashenfelter and Heckman use an instrumental
variable for M itself-only in the two-worker model (1974). In the
single~worker model (1973) they construct the insérumenta%/;ariable
piecewise, using predicted values of ﬁork hours and ogher/cémponents.
However, they average the individdallprédicted vaiues of‘h with the
constant sample mean in their construé;}on of the‘éctual variable.
Had they.used the sample mean’ alone, their model would be a variant
of the linear additive supply function. Their use of an average
value presumably results in an implicit prefefence structure that

.repreéents a mixture of the linear additive supply model and the

parallel utility/model. .

[ =4 N
~) L] . L] . 3
The solution function for an indifference curve for this model

is given in equation (A.1ll) of the Appendix.
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bThis ceneral approach to the specification of a utglity function
is ;elated to one employed by Samuclson (1965, p. 785). 1In the case

of a parallel function, the equation for any given indifference curve
appliészas well to'all others with only a linear translation. Samuelson
treats #he homothetic case in which indifference contours are identical
but for a scale factbr. We use the translation parameter as the

utility index; Samuelson uses the scale factor.

37 . ' ; co s
3 Any monotonic transformation of ~this index would also bq

- acceptable as a utiiity index (see faruelson, 1947, p. 94}, but the

present one seems to be the most convenient. '

co
o
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